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We review the quantum spectral curve (QSC) formalism for the spectrum of
anomalous dimensions of N = 4 SYM, including its γ-deformation. Leaving
aside its derivation, we concentrate on the formulation of the “final product” in
its most general form: a minimal set of assumptions about the algebraic structure
and the analyticity of the Q-system – the full system of Baxter Q-functions of the
underlying integrable model. The algebraic structure of the Q-system is entirely
based on (super)symmetry of the model and is efficiently described by Wronskian
formulas for Q-functions organized into the Hasse diagram. When supplemented
with analyticity conditions on Q-functions, it fixes completely the set of physi-
cal solutions for the spectrum of an integrable model. First we demonstrate the
spectral equations on the example of gl(N) and gl(K|M) Heisenberg (super)spin
chains. Supersymmetry gl(K|M) occurs as a simple “rotation” of the Hasse di-
agram for a gl(K + M) system. Then we apply this method to the spectral
problem of AdS5/CFT4-duality, describing the QSC formalism. The main differ-
ence with the spin chains consists in more complicated analyticity constraints on
Q-functions which involve an infinitely branching Riemann surface and a set of
Riemann-Hilbert conditions. As an example of application of QSC, we consider
a special double scaling limit of γ-twisted N = 4 SYM, combining weak cou-
pling and strong imaginary twist. This leads to a new type of non-unitary CFT
dominated by particular integrable, and often computable, 4D fishnet Feynman
graphs. For the simplest of such models – the bi-scalar theory – the QSC degen-
erates into the Q-system for integrable non-compact Heisenberg spin chain with
conformal, SU(2, 2) symmetry. We describe the QSC derivation of Baxter equa-
tion and the quantisation condition for particular fishnet graphs – wheel graphs,
and review numerical and analytic results for them.
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2 V. Kazakov
1. Introduction
In the past 40 years, a multitude of super-symmetric conformal quantum field the-
ories (CFT) in four dimensions has been discovered and studied [1]. Typically,
they are various deformations of super-Yang-Mills theories, with N = 1− 4 super-
symmetries (see [2] for modern classification). On the other hand, well identified
non-supersymmetric and/or non-gauge CFTs in four dimensions are rare species.
Apart from a rather exotic Banks-Zaks theory [3] or critical Potts model [4] there
are hardly known examples which are explicitly constructed and well understood.a
Even more rare are the integrable four-dimensional CFT’s. The N = 4 SYM
theory is the emblematic example of such a theory: it is conformal for SU(Nc)
gauge group for any Nc but integrable only in the large Nc, t’ Hooft limit (see
the review [5] and references therein).b It was long believed that its large global
PSU(2, 2|4) super-conformal symmetry is responsible for the integrability. However,
under specific deformations breaking the supersymmetry partially or entirely, the
theory seems to retain its integrability.
An important, and rather general class of such deformations is the γ-twist [1,
6, 7]. It breaks the global symmetry to SU(2, 2) × U(1)3, i.e. only three Cartan
subgroups are left from R-symmetry and preserves, at least on the tree level, the
4D conformal symmetry. The last one could be endangered by various conformal
anomalies [8] but, remarkably, it survives when adding to the action a well defined
set of double-trace counter-terms [9–13] and tuning the double-trace couplings to
certain critical values. The critical double-trace couplings are, in general, complex
functions of the ’t Hooft coupling which parameterizes the whole family of these
non-unitary CFTs.
All the quantum integrability properties known from the undeformed N = 4
SYM seem to survive as well this γ-deformation [13]. In particular, the quantum
spectral curve (QSC) [14–16] – the most advanced formalism of AdS/CFT integra-
bility, giving a comprehensive solution of the problem of spectrum of anomalous di-
mensions of local (and some non-local) operators – remains valid the γ-deformation,
with minor modifications, and describes this non-unitary CFT precisely at the (com-
plex) critical line [13]. The QSC method already found numerous applications in the
study of planar spectrum of N = 4 SYM theory [16–28] (see also recent review [29]
and references therein).
Recently, O¨.Gu¨rdogan and the author proposed in [30] a special double scaling
(DS) limit of the γ-deformed N = 4 SYM, combining the weak coupling limit and
large imaginary values of the γ-parameters. It gives rise to a new 4D non-unitary
CFT where the gauge interactions decouple and only chiral 4-scalar and Yukawa
interactions are left. They are also expected to inherit the integrability properties
of their “mother” theory – the γ-deformed N = 4 SYM. In the simplest case, when
aIn 3 dimensions a well defined and studied example of non-supersymmetric CFT’s is the Ising
model, but not much beyond that.
bIts 3-dimensional cousin is the ABJM model, also integrable at large Nc.
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only one double-scaling coupling is kept non-zero, it becomes a simple theory of two
interacting complex scalars (referred to in what follows as the “bi-scalar theory”).
Nevertheless, it is still a non-trivial interacting CFT but in addition it is integrable
in planar limit! Its integrability, unlike the integrability of its “mother” theory, has
a clear origin: its perturbation theory for various correlation functions is dominated
by the “fishnet” Feynman graphs. This means that sufficiently large planar graphs
have in the bulk the shape of regular square lattice. It was noticed long ago [31]
that such a graph defines an integrable 2D statistical-mechanical spin system with
SU(2, 2) ∼ SO(4, 2) symmetry, which is a four-dimensional conformal group. Thus
the integrability of the bi-scalar theory is tightly related with the integrability of the
conformal, non-compact SU(2, 2) Heisenberg spin chain. The theory of integrable
non-compact spin chains has a long history [32–38] following the fundamental works
of L.D. Faddeev and the Leningrad school (see [39] and references therein). It had
also a few important applications, such as BFKL approximation in high-energy,
Regge limit in QCD [35, 36]. Many of these and other old results on non-compact
integrable spin chains appear to be very helpful in the study of non-perturbative
dynamics of the bi-scalar theory and the other CFT’s from the family of chiral CFT
obtained in the DS limit from γ-deformed N = 4 SYM [40].
In this work, we will review the formalism of quantum spectral curve (QSC) for
the spectrum of anomalous dimensions of the planar N = 4 SYM theory, including
its γ-deformed version (named below as QSCγ). We will concentrate ourselves on
the minimal set of basic propositions when formulating the QSCγ equations, leaving
aside its derivation. The algebraic part of QSCγ, entirely dictated by the global
PSU(2, 2|4) symmetry (broken to SU(2, 2)×U(1)3 by γ-deformation) and quantum
integrability, is most conveniently formulated in terms of the Q-system - a set of 28
Baxter’s Q-functions of spectral parameter u. Q-functions are organized into the
Hasse diagram, reflecting the fact that they are Grassmannian coordinates and they
obey certain Plu¨cker relations. The analytic part of QSCγ construction consists of
description of the structure of Riemann surfaces of Q-functions, where the main
element is an infinite “ladder” of equally spaced “Zhukovsky” quadratic cuts at
u ∈ (−2g+ iZ , 2g+ iZ), where g is the ’t Hooft coupling. The large u asymptotics
of Q-functions and their specific monodromy properties around the Zhukovsky cuts
conclude the formulation of spectral problem. Roughly speaking, QSCγ represents
a system of non-linear Riemann-Hilbert equations. We will start with the section
2 where we demonstrate the similar formalism and the emergence of the super-
symmetric Q-system on the example of Heisenberg GL(K|M) spin chain where the
analyticity constraints look much simpler. Then, in section 3, we will describe the
QSCγ for γ-deformed N = 4 SYM (AdS5/CFT4 duality). In section 4, we will
describe the CFTs emerging in the DS limit of this theory, and in particular the
so-called bi-scalar theory dominated by integrable “fishnet” graphs. We will review
the results obtained for these models from QSCγ, such as the exact computation
of certain multi-loop “wheel” graphs and discuss the equivalence of the bi-scalar
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theory to the conformal integrable Heisenberg spin chain. The section 6 is devoted
to conclusions and unsolved problems.
2. Spectrum of Heisenberg GL(K|M) spin chain from Baxter
Q-functions
In this section, we will give an alternative formulation of the well known solution
for the spectrum of compact, Heisenberg GL(K|M) spin chain which will be useful
for the generalization to AdS/CFT integrability. We will avoid the direct use of
standard Bethe equations since in the sigma-model on AdS5 × S5 background,
which describes the string side of the duality, the notion of Bethe roots is a tricky
and not very invariant issue. We will rather rely on the full system of Baxter
Q-functions, forming a Grassmannian, spectral parameter dependent structure in
the K + M dimensional space. The Q-functions are most naturally classified by
the vertices of Hasse diagram – the (K + M)-dimensional hypercube. Specifying
the analyticity properties of these Q-functions w.r.t. the spectral parameter u one
can classify and efficiently study the spectrum. The supersymmetric generalization
of this picture in terms of Hasse diagram, from GL(K + M) bosonic group to to
GL(K|M) supersymmetric group will be essentially a “rotation” of the hypercube
when imposing specific determinant relations (“determinat” flow) and analyticity
conditions. Many of the details, missing in this short overview of spin chains from
the point of view of Q-functions, can be found in [16, 41–43] and in the recent
review [29].
2.1. Spectrum of GL(N) spin chain via Q-functions on
Hasse diagram
Let us start from the Heisenberg spin chain with spins belonging to the bosonic
group GL(N) and twisted boundary conditions. This spin-chain is defined through
the 1D hamiltonian
Hˆ =
L−1∑
i=1
Pi,i+1 + PL,1 GLG−11 (1)
where the spin at each site i takes the values si = 1, 2, . . . , N , the permutation acts
on a pair of spins as Pi,j(s1, . . . , si, . . . sj , . . . sL) = (s1, . . . , sj , . . . si, . . . sN ) and the
twist G = diag{x1, x2, · · · , xN} ∈ SU(N) is a fixed element of Cartan subgroup.c
Explicitly, in components, various terms in (1) mean
Pi,i+1 = δs
′
1
s1 δ
s′2
s2 . . . δ
s′i+1
si δ
s′i
si+1 . . . δ
s′L
sL , (2)
PL,1 GLG−11 = δs
′
2
s2 δ
s′3
s3 . . . δ
s′L−1
sL−1 δ
s′1
sLδ
s′L
s1
xsL
xs1
. (3)
cAll eigenvalues are assumed to be different, and we impose the unimodularity
∏N
j=1 xj = 1.
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To formulate the solution for the spectrum of this hamiltonian we introduce a
set of N Baxter Qk(u)-functions of spectral parameter u with a single index
Qk(u) = x
iu
k
Rk∏
j=1
(u− u(k)j ), k = 1, 2, . . . , N, (4)
each of them being a polynomial of spectral parameter u times a twist-dependent
exponential factor. The positive integers {R1, R2, · · · , RN} are in fact the Cartan
charges of the U(1)N residual symmetry left after breaking the original GL(N)
symmetry by twisting.
Let us also define a natural object – the multi-index Q-functions – by the fol-
lowing Wronskian formula:
QI(u) ≡ Qj1,...,jk(u) =
det1≤m,n≤k Q
[−1−k+2n]
jm∏k−1
j=0 Q
[−k+1+2j]
∅
, (5)
where we denoted by capital letter I = {j1, . . . , jk} ∈ ∅¯ ≡ {1, 2, . . . , N} a subset of
the full set ∅¯ of indices. By definition, all indices in this subset are different and
ordered from left to right. Any permutation P of indices in (5) can only change
the overall sign by factor (−1)P . It was also natural to introduce the “empty set”
Q-function Q∅(u) in denominator of (5), but the reasons which will be clear below,
when we will discuss the Plu¨cker relations (12). In total, we have 2N different Q-
functions, but they are obviously interrelated since they are given in terms of only
N single index functions.
To fix all the roots of these Q-functions, and thus to find all the eigenvalues of the
above hamiltonian, it is enough to find all solutions of the following equation [44, 45]
Q12···N (u) = ∆(x1, · · · , xN )uL , Q∅(u) = 1, (6)
where, according to (5),
Q12···N (u) ≡ det
1≤k,j≤N
Q
[−1−N+2j]
k (7)
is the Wronskian of the full set of single index Q-functions and ∆(x1, . . . , xN ) =∏
k>j(xk − xj) is the Vandermonde determinant of twist eigenvalues. Here and
below we use the notations for standard shifts of arguments of the functions: f [n] ≡
f(u+ in2 ).
Once one finds a solution of (6), the corresponding energy – the eigenvalue of
the hamiltonian (1) – is given by the familiar formula
E = L+ i ∂u log
Qk¯(u− i/2)
Qk¯(u+ i/2)
|u=0 , (8)
where we used the N − 1 index Q-functions Qk¯ ≡ Q12...kˆ...,N given by (N − 1) ×
(N − 1)-determinant according to the formula (5)d. The answer does not depend
on the choice of Qk¯ (this symmetry is related to the so called particle-hole duality).
dIn general, the bar over a subset I, i.e. I¯, means a subset complementary to I w.r.t. the full set
∅¯ ≡ {1, 2, . . . , N}, and {k¯} ≡ {1, 2, . . . , kˆ, . . . , N} denotes the set of N − 1 indices with k missing.
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It is natural to attach all these 2N Q-functions to the vertices of the N -
dimensional hypercube which is called in this occasion the Hasse diagram. For
example, in the simplest case of GL(2) spin chain (N = 2) we have the set of
4 Q-functions: Q∅, Q1, Q2, Q12 which we place at 4 vertices of the square, as
shown on Fig.1(left). The upper vertex is occupied by Q∅, which is connected
Q0
Q1 Q2
Q12
Q0
Q1 Q2
Q23Q13
Q123
GL(2) GL(3)
Fig. 1.: Examples of Hasse diagrams for Q-system of Baxter functions of integrable
models with GL(2) symmetry (on the left) and GL(3) symmetry (on the right). The
arrow shows the direction of “determinant flow”: the Q-functions with k indices are
k × k determinants (5) of single index Q-functions, i.e. increasing in size with the
increase of the level k.
by two edges with Q1 and Q2, which, in turn, are connected by two edges with
Q∅¯ ≡ Q12 = Q+1 Q−2 −Q−1 Q+2 e. The spectral equation (6) takes the form
Q+1 Q
−
2 −Q−1 Q+2 = (x− 1/x)uL (9)
with the twist G = {1/x, x}. Imposing the specific analyticity condition – the
“polynomiality” of Q-functions (4) – we obtain the usual Bethe equation for the
roots of Q1(u):
Q++1 (u
(1)
j )
Q−−1 (u
(1)
j )
= −
(
u
(1)
j + i/2
u
(1)
j − i/2
)L
, j = 1, 2, . . . , R1. (10)
eWe used the notations f± ≡ f(u± i
2
).
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We used for that two relations (9) at the roots of Q1, shifted from the original one
by ±i/2, and divided one over another. A similar equation for the roots of Q2 leads
to the same spectrum given by (8). In the formula for energy (8) we can use either
Q1¯ = Q2 or Q2¯ = Q1.
For N = 3, the Hasse diagram is 3D cube Fig.1(right). It is convenient to orient
the cube in such a way that two of the vertices connected by the main diagonal
appear to be the upper and the lower ones. We place again Q∅ at the top vertex,
the single-indexed Q1, Q2, Q3 – at the vertices adjacent to it, then, say, Q13 – on
the next level, at the vertex adjacent to both Q1 and Q3, etc. One could pictorially
think of the Hasse diagram as of the “globe”, where the level of Q-functions with
given number of indices is like a “latitude”, the ∅-vertex and the ∅¯-vertex – like the
“north and south poles”, respectively.
The generalization to any N is straightforward. All N + 1 levels from top to
bottom are ordered w.r.t. the number of indices |I| ≡ Coordinality(I) in the cor-
responding QI functions. This induces a natural direction in parameterization (5)
which we will call “determinant flow”. At a given u, the collection of functions
QI(u) on a particular n-level with |I| = n forms an n-dimensional linear subspace
V(n)(u) representing the Plu¨cker coordinates of a point on the Grassmannian G
n
N
defined on the linear space CN . As was pointed out in [16], the quantum integra-
bility, constraining the spectra of various integrable models, from spin chains to 2D
quantum field theories, is based on the following abstract relation between these
Plu¨cker coordinates:
V(n)(u+ i/2) ∩ V(n)(u− i/2) = V(n−1)(u) , ∀n ∈ {1, 2, ..., N − 1}, (11)
following of course from (5). The Grassmannian structure of quantum integrability
was first pointed out in [46] on the example of transfer-matrices and Hirota bi-linear
finite difference equations.
We also present on Fig.2 two other important examples. On Fig.2(left) we
depicted the Hasse diagram for the GL(4) system, relevant for the conformal or for
the R-symmetry subgroups of PSU(2, 2|4). On Fig.2(right) the Hasse diagram for
the GL(8) system is presented. As we will see, the last one is closely related to the
full PSU(2, 2|4) symmetry group of N = 4 SYM theory.
The determinant flow (5) leads to the following Plu¨cker relation (which is also
called the QQ-relation in the AdS/CFT integrability literature) between the four
Q-functions adjacent to the same two-dimensional face of the Hasse diagram (shown
on Fig.3):
QJQJ,jk = Q
+
J,jQ
−
J,k −Q−J,jQ+J,k (12)
where J = {j1, . . . , jk} ∈ ∅¯ ≡ {1, 2, . . . , N} is a particular vertex on Hasse diagram.
Notice, that the introduction of arbitrary function Q∅ in denominator of (6) was
necessary for satisfying the QQ-relations (12) on the whole Hasse diagram, including
the ∅-vertex.
To obtain the standard nested Bethe ansatz equations, one has to
choose a set of Q-functions along a “meridian” of the Hasse diagram, say,
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0
111 212
12345678
GL(4) GL(8)
Fig. 2.: Hasse diagrams for Q-system of Baxter functions of integrable models with
GL(4) symmetry (on the left) and GL(8) symmetry (on the right) are hypercubes
with the dimension of the rank of the symmetry of integrable quantum system. The
arrow shows the direction of determinant flow according to (5). The GL(8) Hasse
diagram will be the same as for the PSU(2, 2|4) super-group of AdS5/CFT4 duality
(up to a certain “rotation” of direction of the determinant flow and the details of
analyticity structure).
Q∅, Q1, Q12, Q123, . . . , Q123...N . Then one can use the above Plu¨cker relations along
the faces adjacent to this “meridian” (on the same side of it) and exclude all other
Q-functions at the roots of the “meridional” Q-functions by the trick similar to the
one which led us to the Bethe equation (10) [42, 47, 48].
2.2. Spectrum of supersymmetric GL(K|M) spin chain via
Q-functions
The Hamiltonian of the GL(K|M) super-spin chain has the following form
Hˆ =
L−1∑
i=1
PK|Mi,i+1 + PK|ML,1 GLG−11 (13)
where the super-spin at each site i takes two kinds of values
si = 1, 2, . . . ,K|K + 1, . . . , N. (14)
They correspond to two different gradings: ps = 1, if s ≤ K, ps =
0, if s > K. The super-permutation acts on a pair of spins as
Pi,j(s1, . . . , si, . . . sj , . . . sL) = (−1)psi+psj (s1, . . . , sj , . . . , si, . . . sN ) and the twist
G = diag{x1, . . . , xK |y1, · · · , xM} ∈ gl(K|M) is a fixed group element f .
fAll eigenvalues are assumed distinct here.
Quantum Spectral Curve of γ-twisted N = 4 SYM and fishnet CFT 9
J
J,j
J,i
J,ij
Fig. 3.: QQ-relations (Plu¨cker identities for the Grassmannian) (12). They emerge
at any 2-dimensional face of the hypercube of Hasse diagram as a consequence of
the determinant relations (5).
The supersymmetric generalization of the above picture in terms of Q-functions
can be nicely and easily presented as a specific “rotation” of Hasse diagram, when
imposing the analyticity (“polynomiality”) conditions. Namely, for GL(K|M) case
we can preserve the same determinant flow (5) along the Hasse diagram as for
GL(K +M) bosonic case. But to fix the analyticity conditions we choose, instead
of Q∅, Q∅¯, a pair of Q-functions at the extremes of a different main diagonal of the
hypercube, one on the level K, another on the level M. For example, we can pick
Q12...K and QK+1,K+2,...M .
g This supersymmetrization procedure is shown for the
example GL(3)→ GL(1|2) on Fig 4.
To find the spectrum of the Heisenberg super-spin chain we impose the following
analyticity (polynomial times exponential for twist) conditions on the Q-functions:
Q1,2...,kˆ,...,K(u) = x
iu
k
Rk∏
j=1
(u− u(k)j ), k = 1, 2, . . . ,K; (15)
Q1,...,K,K+m(u) = y
iu
m
Rˆm∏
j=1
(u− u(m)j ), m = 1, 2, . . . ,M. (16)
where the hat over kˆ in the l.h.s. of the first equation means that the corresponding
index is missing from the sequence. For the example GL(2|1) of Fig. 4 such three
Q-functions in (15),(16) are Q∅ and Q12 , Q13, respectively. The positive integers
{R1, R2, · · · , RK |Rˆ1, Rˆ2, . . . , RˆM} are the Cartan super-charges of the U(1)K+M
residual symmetry left after breaking the original SU(K|M) symmetry by twisting.
gOther choices of two such functions at the same levels are simple re-labelings.
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Q1 Q2Q3
Q12
Q23Q13
Q123 ~ uL
GL(3)
Q0=1
Q23 ~ uL
Q1=1
Q0
Q123 Q2
Q3
Q13
GL(1|2)
  
supersymmetrization
Q12
Fig. 4.: Supersymmetrization of Hasse diagram of a QQ system of rank-3 on the
example of rational Heisenberg spin chains: we pass from GL(3) spin chain to
SU(2|1) spin chain by rotating the direction of the determinant flow, i.e. imposing
different analyticity (polynomiality) conditions ((15)-(16) instead of (4)) and fixing
a different pair of diametrally opposed Q-functions different in each case. The
determinant flow is the same in both cases.
To fix all the roots of these Q-functions, and thus to find all the eigenvalues of the
above hamiltonian of super-spin chain of length L, it is enough to find all solutions
of the Q-system with the following conditions imposed
QK+1,K+2,...,K+M (u) = 1, Q12···K(u) = const× uL . (17)
Once one finds a solution of (17), the corresponding energy – an eigenvalue of
the hamiltonian (13) – is given by the familiar formula, through the Q-functions
neighboring the “momentum-carrying” Q-function Q12···K on Hasse diagram
E = L+ i ∂u log
Qk,k+1,...,K+M (u+ i/2)
Qk,k+1,...,K+M (u− i/2) |u=0 (18)
= L+ i ∂u log
QK+1,K+2,...,K+kˆ,...,K+M (u− i/2)
QK+1,K+2,...,K+kˆ,...,K+M (u+ i/2)
|u=0 , (19)
where the answer does not depend on the choice of k or kˆ.
We see that the scheme of solution for supersymmetric case is almost identical
to the previous, bosonic case. But the “rotation” of the Hasse diagram in such
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a way leads to the dramatic change of analyticity properties. For example, the
known function Q12···K(u) of eq.(17) cannot be expressed through the basic func-
tions (15),(16) as a simple determinant, as in the bosonic case, but rather has to be
found by solving a chain of Plu¨cker relations (12), which leads to more complicated
formulas. One can also derive the corresponding supersymmetric Bethe ansatz
equations [49, 50] directly from the QQ-relations (12) as it was done in section 5
of [47] in less invariant notations. h
The Q-functional approach has a long history [42, 46, 47, 51–60] and it has been
developed in the form described above in the series of papers [15, 16, 42, 48, 61–63]
where the reader can find many more details. This approach is not only aesthetically
attractive, it also appeared to be more efficient in certain explicit computations
compared to more conventional Bethe equations for rational spin chains [26, 27].
The construction in terms of Q-system, based on Hasse diagram, presented above,
can be applied for more complicated quantum integrable systems, such as non-
compact (super)-spin chains and 2D sigma models in a finite volume. In this case,
the analyticity conditions should be modified, since the Q-functions, or at least
a part of them, cannot be parameterized by polynomials anymore. However, the
solutions for the spectrum in such problems can be still formulated in terms of
certain analyticity conditions on the set of Q-functions for which the algebraic
structure of Q-system is entirely defined by the symmetry group. This approach
was successfully applied for example for the study of spectrum of the principal
chiral field model on a finite space-circle [64, 65]. In the next section, we will
use the Q-system approach to formulate, in the most concise and general way,
the Quantum Spectral Curve (QSC) equations [14, 15] - a system of non-linear
functional equations for computation of anomalous dimensions of arbitrary local
operators, at any coupling, in the planar limit of N = 4 Super-Yang-Mills (SYM)
theory.
3. Quantum spectral curve for twisted N=4 SYM
In this section we will give a concise formulation of the quantum spectral curve
(QSC) for the spectrum of anomalous dimensions of local operators in planar N = 4
Super-Yang-Mills (SYM) theory, first introduced in [14, 15], including its twisted
version [16, 20]. It will be based on the Q-systemi approach described above. We
will first make precise the algebraic structure of this AdS5/CFT4 Q-system, based
on the super-conformal PSU(2, 2|4) symmetry of the model. Then we will describe
hFor the sake of a unified description of Q-systems of bosonic and supersymmetric models, we
avoid here the use of super-symmetric notations of the original papers [15, 16] where we would
denote QI|J ≡ QI,∅¯M\J+K , where I ⊂ {1, 2, . . . ,K}, J ⊂ ∅¯M ≡ {1, 2, . . . ,M} and by ∅¯M\J +K
we denoted the subset, complementary to the set ∅¯M , with every index shifted by +K. We mean
that on the r.h.s. of this definition we have the Q-function in our current notations (5).
iCalled also AdS/CFT Q-system, referring to the duality between N = 4 SYM and the string
sigma model on AdS5×S5 background. For other recent reviews on integrability methods for this
system see [5, 29].
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the analyticity properties of the underlying Q-functions and the Riemann-Hilbert
“sewing” conditions allowing to completely fix the system of equations for the phys-
ical solutions.
Let us stress that we don’t give here any derivation of the AdS5/CFT4 QSC.
We only formulate the final mathematical formalism, ready for further applications.
Until the last chapter devoted to a particular application of QSC to the chiral
double limit of γ-twisted N = 4 SYM, we avoid, on purpose, the discussion of
any consequences of QSC equations and of secondary details, concentrating only
on the basic foundations of QSC construction. For the derivation, details and
numerous consequences, the reader can turn to the original papers [14–16], to the
recent review [29] as well as to the already rich literature of its generalisations and
applications [16–28].
3.1. Algebraic structure of the AdS5/CFT4 Q-system
The Hasse diagram for the AdS/CFT Q-system is similar to the one for the gl(4|4)
super-spin chain described in the previous section. It represents an 8-dimensional
hypercube with the 28 = 256 Q-functions attached to its vertices, as shown on
Fig.2(right). The Q-functions have the same determinant flow as described by
eq.(5). Let us note that the Q-system obeys a certain residual sl(4)× sl(4) symme-
try corresponding to two bosonic subgroups of the PSU(2, 2|4) symmetry. This
algebraic symmetry refers to the linear transformations of, separately, 4 func-
tions with 3 indices Q1,...,kˆ,...,4(u), k = 1, 2, 3, 4 and 4 functions with 5 indices
Q1,...,4,j(u), j = 1, 2, 3, 4. Another, “gauge” symmetry of the Q-system, due to
the homogeneity of QQ-relations, consists of the rescalings of Q-functions (there
are two such rescaling parameters, see [15]).
But we should demand for QSC even more: we impose two to unit value
Q1234(u) = 1 = Q5678(u) (20)
at any spectral parameter u. The first of these conditions can be achieved by rescal-
ings. But the second one, the Q-function diametrally opposed on Hasse diagram
(i.e. Q1234 and Q5678 are Hodge dual to each other)
j, this is an additional condition
which replaces (17) for the super-spin chain.k It actually reflects the projectivity
and super-unimodularity of the PSU(2, 2|4) symmetry of the system.
This gauge appears to be the most suitable for the formulation of analyticity
properties of the whole Q-system. But these properties are more complicated then
the polynomial ansatz (15) since we deal not with the rational super-spin chain
jA Q-function diametrally opposed to a given Q-function is usually called its Hodge dual. Their
index sets are complementary to each other w.r.t. the full set. All the algebraic relations of
AdS/CFT Q-system are invariant w.r.t. the Hodge transformation, i.e. w.r.t. exchange of upper
and lower indices, once (20) is imposed.
kWe could have imposed the condition (20) also for the super-spin chain. However, it would have
spoiled the polynomial ansatz (16) and significantly complicate the analyticity properties. The
2nd condition (20) is not a simple normalization, but a dynamical restriction, for the case of (N |N)
Q-systems [63].
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(which however occurs to be the case in the weak-coupling, one-loop limit of N = 4
SYM [66–68]) but with the integrable string sigma-model on AdS5 × S5 coset.
We introduce special notations for the most useful “near-equator”Q-functions
mentioned above:
Pa ≡ Q1,...,aˆ,...,4(u), a = 1, 2, 3, 4; (21)
Qj ≡ Q1,2,3,4,j+4(u), j = 1, 2, 3, 4. (22)
where by aˆ we denote again the missing index from the set {1, 2, 3, 4}. For example,
P2 = Q134 and Q3 = Q12347. Hence Pa have 3 indices and Qj has 5 indices in the
standard notations for Q functions, as in (5).
Their Hodge dual Q-functions have the same, but upper indices:
Pa ≡ Qa,5,6,7,8(u), a = 1, 2, 3, 4; (23)
Qj ≡ Q
5,...,̂j+4,...,8
(u), j = 1, 2, 3, 4. (24)
For example, P2 = Q25678 and Q
3 = Q568. The positions of these functions on
(4|4) Hasse diagram are pictorially presented on Fig 5:
Q1
Q2
Q3
  
Q5678=1Q1234=1
Q4
Q1
Q2
Q3
Q4P1
P2
P3
P4
P1
P2
P3
P4
singie-index Q-functions        Hodge dual
singie-index Q-functions 
Fig. 5.: Schematic presentation of positions of P functions and Q functions
(21),(22),(23),(24), within the (4|4) Hasse diagram. They are neighboring the two
“poles” of Hasse diagram corresponding to empty-set and full-set labels. Each pair
of functions Pa,P
a or Qj ,Q
j , with the same label, are placed at the diametrally
opposite vertices of Hasse diagram, i.e. they are Hodge dual to each other w.r.t.
the Grassmannian structure of the Q-system. These 16 functions have the simplest
analytic structure on the physical sheet. The gray “cloud” signifies all the elements
of 8D hypercube missing on the picture.
14 V. Kazakov
The P and Q functions are, roughly, responsible for the dynamics of string
fields on S5 (related to R-symmetry) and on AdS5 (related to the conformal sym-
metry) projections of the dual string sigma-model, as will be seen from their large
u asymptotics.
Another useful set of 16 Q-functions and of their 16 Hodge duals deserves a
special notation:
Qa|j ≡ Q1,...,aˆ,...,4,j+4(u), a = 1, 2, 3, 4 ; j = 1, 2, 3, 4, (25)
Qa|j ≡ Q
a,5,...,̂j+4,...,8
(u), a = 1, 2, 3, 4 ; j = 1, 2, 3, 4. (26)
where by “hat” we denote again the missing member from consecutive integers. For
example, Q2|3 = Q1347 and Q2|3 = Q2568.
Due to the determinant flow (5), together with the gauge conditions (20), these
functions satisfy a useful set of algebraic identities:
Qj = Q
±
a|jP
a, Pa = Q
±
a|jQ
j (“metric” property), (27)
Q+a|j −Q−a|j = PaQj (special QQ-relation). (28)
Notice that we can raise and lower the indices by the rules similar to the standard
tensor algebra. A useful automatic consequence of the Grassmannian structure of
Q-system and of the gauge (20) is the orthogonality relations: PaP
a = QjQ
j = 0.
The QSC formalism is based on a set of 256 Q-functions, out of which only
a few are algebraically independent. The rest of them can be deduced from the
determinant flow or from the Plu¨cker QQ relations (12). The choice of the most
convenient algebraically independent subset of Q-functions depends on the problem
being solved, i.e. on the type of studied operators and on the chosen approximations
(weak coupling, strong coupling, numerics, etc). Thus there exist many useful
forms of QSC equations. Let us mention one particularly important, especially for
various weak coupling limits - the coupled system of 4th order Baxter equations on
the functions (21),(22),(23),(24). Namely, excluding the functions Qa|j from the
relations (27)-(28)l one gets the following linear 4th order finite difference Baxter
equation [69]
a Q[+4] − b Q[+2] + c Q[0] − b¯ Q[−2] + a¯ Q[−4] = 0 (29)
where the coefficients are explicit functionals of Pa,P
a-functions:
a(u) = d0, b(u) = d1 −P[+2]a Pa[+4]d0, c(u) = d3 + PaPa[+4]d0 + PaPa[+2]d1
where dm = det
1≤a,k≤4
(Pa)[4−2k+2θk,m], (θm,k = 1 ifm ≥ k and θm,k = 0 if m < k).
(30)
Four solutions of this equation give the functions Qj . Of course, any independent
linear combinations of these 4 Qj-functions with i-periodic coefficients
m are also
algebraically admissible Qj-functions.
lOne uses for that a linear system of 5 dependent equations on the same Qa|j obtained from (27)
by 5 consecutive shifts of u by integers×i and a multiple use of (28) for bringing various functions
Qa|j to the same argument u (see [69] for details).
mi.e. the coefficients are functions of u periodic w.r.t. the shift u→ u+ i.
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For a general state/operator, this Baxter equation should be supplemented by
three similar equations. One of them, for Qj-functions, uses the Hodge duality of the
Q-system, obtained from the above equation by exchange of all upper⇔lower indices
of the Pa-functions in the coefficients. Two other 4th order Baxter equations, on Pa-
and Pa-functions, can be obtained from the previous two by simply exchanging all
P- and Q-functions. The existence of the last two equations is a simple consequence
of the algebraic symmetry within the full Q-system between P- and Q-functions.
Let us note that the most frequent cases of the N = 4 SYM operators studied
in the literature are those which obey the so called left-right (LR) symmetry w.r.t.
to the exchange of two subgroups of the full superconformal group: SU(2|2)L ×
SU(2|2)R ∈ PSU(2, 2|4). This symmetry has direct algebraic consequence for the
underlying AdS/CFT Q-system. Namely, due this symmetry we can raise and
lower the indices of P-functions and Q-functions, i.e. a-type or j-type, by means of
a “metric” whose role is played by a fixed constant matrix [15, 70]:
Pa = χ
abPb, Qj = χ
jkQk, where χ =

0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
 . (31)
Obviously, in this case only two 4th order Baxter equations are algebraically inde-
pendent: one for Qj and one for Pa, which significantly simplifies the problem. In
addition, in various weak coupling limits, such as one-loop [68, 71] or BFKL [69]
approximations, or the double scaling (DS) limit of γ-deformed N = 4 SYM [30]
described in the next section, the analytic properties of P-functions simplify even
further: they can have only finite order poles at u = 0 and u = ∞ and thus they
can be parameterized by a finite number of coefficients in the corresponding poly-
nomials. Then the Baxter equation (30) on Q-functions starts to remind the one
for the integrable SU(2, 2) spin chain reflecting the 4D conformal symmetry of the
problem.
3.2. Analyticity: quantum spectral curve as a Riemann-Hilbert
problem
The QSC formalism is based on two fundamental ingredients: the first is the alge-
braic structure of the underlying Q-system, entirely based on the superconformal
symmetry PSU(2, 2|4) of the model, and the second is the analyticity properties
of the underlying Q-functions. The analyticity is greatly, but not completely dic-
tated by the algebraic structure of Q-system. It was established in the original
papers [14, 15]. It was extracted from the exact solution of the AdS/CFT spectral
problem, first proposed in the form of the AdS/CFT Y-system [72] and then via
the TBA approach [73–75]. The papers [70, 76] have been important steps towards
the discovery of the QSC formalism.
In the rest of this section, we will describe the analytic properties of Q-functions.
The main ingredients of their analytic structure are i) Infinitely branching Riemann
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surface due to branch cuts at fixed positions – “Zhukovsky cuts” n; ii) Asymp-
totics at large values of spectral parameter fixing the SU(2, 2|4) representation
of state/operator; iii) Riemann-Hilbert “sewing” conditions relating various Q-
functions via monodromies around Zhukovsky cuts; iv) Absence of any other sin-
gularities anywhere on the Riemann surface of any Q-function, except mentioned
above. Let us inspect these properties in detail.
  
Fig. 6.: Schematic depiction of analytic structure of Riemann surfaces of P and
Q functions defined by (21),(22),(23),(24). On the left, Pa and P
a have, each, a
special, physical sheet of the Riemann surface where it has only one Zhukovsky
cut for the range of spectral parameters u ∈ (−2g, 2g), where g2 = 116pi2Ncg2YM is
the ’t Hooft coupling. This cut is connected to the next sheet which has a ladder
of equidistant Zhukovsky cuts spaced by i, at positions u ∈ (−2g + iZ , 2g + iZ),
along the imaginary axis. On the right(up), the same picture of Riemann surface is
true for the Qˇj and Qˇ
j functions, with an important difference: short Zhukovsky
cuts should be replaced by long Zhukovsky cut, passing through u = ∞, i.e. for
u ∈ (−∞,−2g) ∪ (2g,∞). On the next sheets we have an infinite ladder of such cuts
spaced by i. On the right(down) we show the rearrangement of Riemann surface, by
re-gluing the upper-half plane of the physical sheet with the lower-half-plane of the
next sheet, and vice versa for the other two halves. This flips the long Zhukovsky
cut on the real axis to short cut, but also creates a sequence of cuts in the lower
half plane (which can be made short by the same re-gluing procedure for the next
sheets).
nThe name originating from the Zhukovsky conformal map, inverse of u = g(x+ 1/x) function.
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3.2.1. Zhukovsky branch cuts and Riemann surface for Q-functions
The main analyticity observation in QSC formalism is about the particular subset of
16 Q-functions, precisely the ones listed in (21),(22),(23),(24) and shown on Fig.5.
Namely, the 8 functions Pa and P
a have, each, a special sheet of the Riemann
surface (which will be called physical) where it has only one Zhukovsky cut for the
range of spectral parameters u ∈ (−2g, 2g) and g2 = 116pi2Ncg2YM is the ’t Hooft
couplingo. The physical sheet is depicted on the left of Fig 6(left). Similarly, the
other 8 Q-functions, Qˇj and Qˇ
j , have a special, physical sheet where they have
only one cut with the same branch-points but passing through u = ∞, i.e. for
u ∈ (−∞,−2g) ∪ (2g,∞) . The physical sheet is depicted on Fig 6(upper-right).
It is natural call the first type of cuts as “short cuts” and the second one as “long
cuts”. The positions of the branchpoints of these cuts are actually the only place in
the QSC formalism where the ’t Hooft-Yang-Mills coupling constant is encoded.p
There are no other singularities on the physical sheets of these Q-functions except
the one at u =∞, described in the next subsection.
Next, we want to know what happens under the cut, on the next sheet of the
Riemann surface. In fact, the structure of the Q-system, and in particular of the
QQ-relations (12), dictates that for Pa and P
a functions, apart from the same
short cut u ∈ (−2g, 2g), we find on the second sheet an infinite “ladder” of its
periodicallyq repeating replicas at u ∈ (−2g+ iZ , 2g+ iZ), as shown on the right of
the Fig 6(left). If we pass through any of these cuts we will encounter another sheet,
with the same infinite ladder of short cuts repeating periodically along the whole
imaginary axis. Passing through any of these cuts we discover the other sheets with
the same infinite ladder of cuts. Consequently, each P-function lives on an infinitely
branching Riemann surface of the topology of sphere with a puncture at u =∞.r
As for the functions Qˇj and Qˇ
j , the picture of cuts on the sheets next to the
physical one is exactly the same as for the functions Pa and P
a, except that all cuts
are long, i.e. they are i-periodic, at positions u ∈ (−∞,−2g + iZ) ∪ (2g + iZ,∞),
as shown on the right of the Fig 6(upper-right). Of course the fact that these cuts
are accumulated at u = ∞ leads to an infinite branching at infinity and allows for
asymptotics with arbitrary power law w.r.t. spectral parameter. As we will see
below, this is the way how the parameter γ(g) – the anomalous dimension of the
operator – arises in the QSC formalism as a power in the large u asymptotics of
Q-functions.
ogYM is the original Yang-Mills coupling and Nc is the number of colors of the U(Nc) gauge group.
From now on, for brevity, we will rather call g the ’t Hooft coupling.
pFrom now on, we will distinguish, by “check” or its absence, two functions Qˇj and Qj . In fact,
it is the same function but the Riemann sheets are organized differently in two cases: Qˇj has only
long cuts and the notation Qj will be reserved for the same function with Riemann sheets re-glued
in such a way that all its cuts are short. See the text below and the Fig.6 for more explanations.
qWe call this periodicity the i-periodicity since the cuts are spaced by the distance i in complex
plane.
rWe conjecture the spherical topology of the Riemann surface since we see no obvious reasons for
the existence of any non-contractible closed paths on this surface (except those encircling u =∞).
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3.2.2. Large u asymptotics
Now we describe the behavior of P- and Qˇ-functions at u → ∞ on the phys-
ical sheet. To avoid complications with degeneracy of solutions we first con-
sider the case of the totaly deformed superconformal symmetry of the model:
PSU(2, 2|4) → [U(1)2 × R]conf. × [U(1)3]R. This is done by introduction of spe-
cial twist on the AdS5×CFT4 duality parameterized by a fixed Cartan group
element: diag{x1, x2, x3, x4|y1, y2, y3, y4} ∈ PSU(2, 2|4), with the group constraint∏4
a=1 xa = 1 =
∏4
j=1 yj . This deformation is easy to perform directly in the N = 4
SYM action [1, 6, 8, 77] for the case of so called γ-twist, when the conformal part
of the superconformal symmetry is not twisted y1 = y2 = y3 = y4 = 1 and the xa
are parameters of SU(4) R-symmetry deformation.s
The picture for P-functions is very simple: since the only singularity at the finite
part of the u-plane is a short Zhukovsky cut, we can approach the u = ∞ by any
path, and the asymptotics is completely fixed by the global R-symmetry charges
{J1, J2, J3} ∈ so(6) ∼ su(4) and the value of the twist:
Pb ∼ xi ub u−λb
(
1 +
p
(b)
1
u
+
p
(b)
2
u2
+ . . .
)
, where {x1, x2, x3, x4} ∈ SU(4),
(32)
λb =
1
2
{+J1 + J2 − J3, +J1 − J2 + J3, −J1 + J2 + J3, −J1 − J2 − J3}.
(33)
So we see that these asymptotics can have only integer or half-integer powerst.
The situation with large u asymptotics on the physical sheet of Q-functions is
slightly more involved: due to the presence of the long Zhukovsky cut we should
speak in principle separately of the large u asymptotics in the upper-half plane
(UHP) and in the lower-half plane (LHP). However one can easily argue that those
two asymptotics can be different only by an overall constant (see [15] for the cal-
culation of this constant). We can thus impose that, for example in the UHP, far
away from the real axis (to avoid the vicinity of the long cut) their exponential
and power-like parts are defined, respectively, by SU(2, 2) twists and the Cartan
charges of conformal group {∆, S1, S2} ∈ so(4, 2) ∼ su(2, 2), as follows
Qˇj ∼ y−i uj u−νj
(
1 +
q
(j)
1
u
+
q
(j)
2
u2
+ . . .
)
, where {y1, y2, y3, y4} ∈ SU(2, 2),
(34)
νj =
1
2
{+∆− S1 − S2, +∆ + S1 + S2, −∆− S1 + S2, −∆ + S1 − S2}. (35)
sTwisting the conformal part of the supergroup leads to a non-commutative generalization of
N = 4 SYM theory [77].
tIn fact, in more “physical” quantities, such as transfer-matrix eigenvalues, the P-functions enter
bi-linearly, so that the asymptotics becomes single-valued at u = ∞. So in some sense the the
quadratic branch-point of P at u = ∞ is not an important issue for the analyticity properties of
the Q-system, see [15] for the details.
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Here S1, S2 are integer conformal spins and ∆(g) ≡ ∆(0) + γ(g) is the dimension of
the studied operator (energy of the state on the string side of duality) which is the
main quantity under study in QSC formalism. Generically, ∆(g) is a complicated
function of the ’t Hooft coupling g, of conserved charges J1, J2, J3|S1, S2 and of
the twist parameters {x1, x2, x3, x4|y1, y2, y3, y4}. With all these parameters fixed,
we should have a finite or infinite discrete set of operators/states with different
anomalous dimensions fixed by the values of the other conserved charges present
in this integrable model. The presence of an arbitrary (if we vary g) power ±∆/2
in the asymptotics means the presence of, in general, infinite branching at u =∞.
This is a natural consequence of the presence of a long cut passing through u =
∞ point. Notice that on the next sheets of Qˇ-functions it is hardly possible to
speak about such power-like×exponential asymptotics due to the accumulation of
long cuts forming an infinite ladder. On the contrary, one can define this kind of
asymptotics at large u for the P-functions if we avoid approaching u =∞ along the
imaginary axis, in the vicinity of infinite ladder of short cuts.
Notice that we did not impose separately the asymptotics of Hodge dual Pa and
Qj-functions since those are not independent of Pa and Qj . They are completely
constrained by the structure of the Q-system (with an important role of the gauge
condition (20)) and the leading asymptotics are inverse powers w.r.t. the original
Pa and Qj , namely,
Pb ∼ x−i ub uλb
(
1 +
p
′′(b)
1
u
+
p
′′(b)
2
u2
+ . . .
)
, Qˇj ∼ yi uj uνj
(
1 +
q
′′(j)
1
u
+
q
′′(j)
2
u2
+ . . .
)
(36)
It is important to notice that all these asymptotics are multiplied by the ex-
pansion in integer powers w.r.t. 1/u. This is a special choice of the Q-functions,
since any linear combination of them would spoil this property and mix up different
combinations of twists and charges. We call our choice “pure” asymptotics, and
this choice will be important for the rest of analyticity properties given below in
the form of Riemann-Hilbert conditions.
We can partially remove the deformations by making some of the twist param-
eters {x1, x2, x3, x4|y1, y2, y3, y4} equal to each other, i.e. restoring some subgroups
of PSU(2, 2|4) symmetry. Then we have to modify the asymptotics (32),(34) by
shifting the exponent by certain integers because, asymptotically, certain determi-
nant formulas for Q-functions will become ambiguous and will not render the right
asymptotics. The whole classification of various twist configurations and of the
corresponding asymptotics is given in [16]. We will discuss a couple of the most im-
portant cases. One of them, used in the next section, is the so called γ-deformation
which preserves the entire conformal subgroup SU(2, 2), i.e. y1 = y2 = y3 = y4 = 1,
and leaves arbitrary twists {x1, x2, x3, x4},
∏
j xj = 1, thus breaking R-symmetry
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SU(4)→ U(1)3. Then the asymptotics (34), should be modified as follows
Qˇj ∼ u−ν′j
(
1 +
q
(j)
1
u
+
q
(j)
2
u2
+ . . .
)
(37)
where
ν′j =
1
2
{+∆− S1 − S2,+∆ + S1 + S2 − 2,−∆− S1 + S2 − 4,−∆ + S1 − S2 − 6}.
(38)
where as the leading asymptotics of Pb remain as given by (32),(33).
Finally, the most studied case is of course the fully untwisted, completely
PSU(2, 2|4) symmetric SYM theory (or the equivalent dual superstring sigma-
model on AdS5×S5 background). In this case, the above asymptotics of Qˇ are the
same as in (34), but for Pthey look now as follows [14, 15]
Pb ∼ u−λ′b
(
1 +
p
(b)
1
u
+
p
(b)
2
u2
+ . . .
)
, (39)
with
λ′b =
1
2
{+J1 + J2 − J3,+J1 − J2 + J3 − 2,−J1 + J2 + J3 − 4,−J1 − J2 − J3 − 6}.
(40)
Using these asymptotics and the Grassmannian structure of the QQ system we
can even compute a few leading coefficients of all these asymptotics, which appear
to depend only on the global charges, not on particular solutions [14, 15]. The
classification of the coefficients of the leading asymptotics can be found in [16]. We
don’t give here explicit formulas since we limit ourselves only to the formulation of
basic rules of QSC construction, leaving aside its consequences.
3.2.3. Riemann-Hilbert sewing conditions
Finally, we have to describe how one can move among the sheets of the Riemann
surface for the P and Qˇ-functions. In other words, one should detail the properties
of monodromy around the branch-points of Zhukovsky cuts of these functions.
It was noticed in [22] that, after having imposed the “purity” of asymptotics,
as discussed after eq.(36), one can fix completely the system of spectral equations,
by demanding within the QSC formalism the following Riemann-Hilbert sewing
conditions [15]u 
¯ˇQ1
¯ˇQ2
¯ˇQ3
¯ˇQ4
 '

0 β1 0 0
β¯1 0 0 0
0 0 0 β2
0 0 β¯2 0


Qˇ1
Qˇ2
Qˇ3
Qˇ4
 , (41)
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Fig. 7.: Demonstration of the Riemann-Hilbert sewing relations: on the left, the
complex conjugation relation (41) between a pair of functions Qˇ1 = β¯1
¯ˇQ2 on the
physical sheet with a single long cut is presented. Notice that the path connecting
them should go between the branch-points. On the right, the same relation is
demonstrated on the sheet with short cuts. It takes the form Q˜1 = β¯1Q¯
2. Dotted
cuts, are situated on the second sheet. The conjugation path is now passing through
the short cut at the real axis, i.e. the conjugation involves now the monodromy
(denoted by tilde) as well.
where ¯ˇQj means the complex conjugation, i.e. reflection of the main sheet w.r.t.
the real axis where the long cut is present, see Fig.7(left), and β1, β2 are constants
non-trivially depending on the parameters of the operator/state, to be defined self-
consistently in the process of solution of QSC equations. The origins of this sewing
condition originate already from the properties of quasi-momenta of classical finite
gap solution of the string dual – the sigma model on AdS5 × S5 coset [78–80].v
These conditions mean that the Qˇ-functions are not all independent but rather
glued together into a smaller number of analytic functions. This sewing condition is
the finite element of QSC construction which locks completely the QSC relations into
a closed system of equations for spectrum. Their solution renders a discrete set of di-
mensions/energies of all the operators/states with the given ’t Hooft coupling g, the
global charges J1, J2, J3|S1, S2 and twist parameters {x1, x2, x3, x4|y1, y2, y3, y4}.
For various applications, especially related to the weak coupling approximations
g → 0, it is very convenient to reshuffle the sheets of the Riemann surface of each
Qˇ function in such a way that it would have only short cuts on the whole Riemann
surface. For example, the function
x(u) =
1
2g
(u+
√
u− 2g
√
u+ 2g), (42)
uFor the origin and explanations of these sawing conditions see the section 4.4.2 in [15], and in
particular eq.(4.63). In [22] these relations are called “gluing conditions”, but we call them here
“sewing conditions” which seems to be a more frequent terminology for Riemann-Hilbert problems.
vSee section 2.5 and the equations (2.59) and (3.3) in [80]. The parameter x is related to the
spectral parameter used here by Zhukovsky map u = x + 1/x (the ’t Hooft coupling g plays the
role of the “Planck constant” for the string sigma model and can be scaled out in classical limit).
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inverse to Zhukovsky map ug = x + 1/x, has by definition a short cut. But its
analytic continuation, the function xˇ(u) = 12g (u+ i
√
4g2 − u2), already has a long
cutw and it corresponds to regluing halves of the two sheets of the first functions
along the real axis. As was already mentioned, we will reserve from now on the
notation Qj (without “check”) for the configuration of Riemann surface with short
cuts. This transition Qˇ → Q is shown on Fig 6(right-down). Re-gluing in this
way the halves of the first and the second sheets we obtain the first, upper sheet of
the new Riemann surface which is free of singularities in the UHP, inheriting this
analyticity from the UHP of the original physical sheet with the long cut; but on
the real axis and below it we will have now a half-infinite ladder of Zhukovsky cuts
inherited from the second sheet of the original Riemann surface. All these cuts can
be made short by the same operation, involving the sheets next to the second one.
So we can always work only with the short cuts, but the analyticity on the main
sheet becomes more involved.
The sewing Rienamm-Hilbert relations (41) now look as follows
Q˜1
Q˜2
Q˜3
Q˜4
 '

0 β¯1 0 0
β1 0 0 0
0 0 0 β¯2
0 0 β2 0


Q¯1
Q¯2
Q¯3
Q¯4
 , (43)
where tilde sign corresponds to the monodromy of a function around the Zhukovsky
branchpoint on the real axis. That means that Q˜j is identical to Qˇj on the second
sheet on Fig.6. Notice that on both sides of (43) the sequence of short cuts goes
from the real axis upwards.
In fact, it turns out that any particular one of the conditions (43)
Q˜1 ∼ Q¯2 , Q˜2 ∼ Q¯1 , Q˜3 ∼ Q¯4 , Q˜4 ∼ Q¯3 , (44)
imposed on functions with pure asymptotics is enough to fix completely the set of
physical solutions for energies/dimensions of states with given global charges of the
superconformal symmetry [21] . The first of them is demonstrated on Fig. 7(right).
In fact, it was also observed in [21] that, in the case of complete twisting, as in (36),
only one of these conditions is enough to fix completely such a set of solutions. The
other three will follow from it. If we have only a partial twisting, or coinciding twist
parameters, the situation is more complex since the asymptotics for some groups of
Q-functions will be different only by integer powers and the choice of pure solutions
becomes ambiguous.x This is the case for example in the case of γ-deformation (36)
where there is no twisting for Q-functions. In this case, a pair of relations (44),
containing asymptotics with different sign of ∆ is enough (the first and the third,
or the second and the forth).
wwhat can be immediately seen if one plots real and imaginary parts of these two functions on
Mathematica using Plot3D function.
xThe discussion and classification of asymptotics of all possible generations of twists can be found
in [16].
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To conclude, in this and preceding sections, we gave the general scheme of
the QSC formalism, concentrating on its universal and the most general defining
features. We specially avoided so far any secondary details and consequences of this
construction. In the next section, we will discuss an interesting physical application
of QSCγ, related to conformal filed theory following from the γ-twisted N = 4
SYM in a specific double scaling (DS) limit of large (imaginary) γ twists and weak
coupling.
4. Double scaling limit of γ-twisted N = 4 SYM and fishnet
Feynman graphs
In this section, we demonstrate the force of QSC on a particular example of the
study of the double scaling (DS) limit of γ-deformed N = 4 SYM theory proposed
in [30]. The resulting non-unitary chiral CFTs inherit the integrability properties
of the full γ-twisted N = 4 SYM. However it demystifies to some extent the, still
hypothetic though always properly working, AdS/CFT integrability: at least in its
simplest, bi-scalar version the theory in DS limit is dominated by so called “fishnet”
Feynman graphs, explicitly related to the integrable conformal, SU(2, 2) Heisenberg
spin chain [24, 30, 31].
4.1. Lagrangian and conformal properties of γ-deformed N = 4
SYM
The QSC formalism described in the previous section is deeply rooted in the boot-
strap solution of the string σ-model on γ-deformed AdS5 × S5 background. It
is the result of a long development of integrability methods, such as Y-system,
TBA and Destri-De Vega-type equations, applied to this two-dimensional string
σ-model. However, the AdS/CFT correspondence, as applied to the γ-deformed
case [6, 7, 10, 77] , states that the energy spectrum of this σ-model is in one-to-
one correspondence with the spectrum of anomalous dimensions of the γ-deformed
N = 4 SYM theory with the Lagrangian given in the following explicit form
(see [12, 30])
L =Nctr
[
−1
4
FµνF
µν − 1
2
Dµφ†iDµφ
i + iψ¯α˙AD
α
α˙ψ
A
α+
+ g2
(
1
4
{φ†i , φi}{φ†j , φj} − e−i
ijkγkφ†iφ
†
jφ
iφj
)
+
+ g
(
− e− i2γ−j ψ¯jφjψ¯4 + e+
i
2γ
−
j ψ¯4φ
jψ¯j + iijke
i
2 jkmγ
+
m ψ¯kφiψ¯j
+ conjugate terms
) ]
, (45)
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where A = 1, 2, 3, 4, and we sum up over all doubly repeated or (abusing the stan-
dard tensorial notations) triply repeated indices i, j, k,m = 1, 2, 3.y Here φj=1,2,3
are complex scalar fields and ψαj are Majorana-Weyl fermions.
aa We also used the
shorthand notations γ±1 =
γ3±γ2
2 , γ
±
2 =
γ1±γ3
2 , γ
±
3 =
γ2±γ1
2 . The three parameters
γj are related to the twist parameters xk of (37) by the following formulas [16]
x1 = e
i
2 [(γ2−γ1)J3−(γ1+γ3)J2+(γ2+γ3)J1] , x2 = e
i
2 [(γ1+γ2)J3−(γ2+γ3)J1+(γ1−γ3)J2] ,
x3 = e
i
2 [−(γ1+γ2)J3+(γ1+γ3)J2+(γ3−γ2)J1] , x4 = e
i
2 [(γ3−γ1)J2+(γ1−γ2)J3+(γ2−γ3)J1] .
(46)
Notice that if we put γ1 = γ2 = γ3 = 0 we obtain the standard case of the
superconformal, N = 4 SYM - a CFT with the unbroken PSU(2, 2|4) symmetry bb.
The twisting corresponds to the following rule. In each term of the Lagrangian (45),
the deformation factors depend on the order of the fields under the trace. For two
arbitrary fields A and B the matrix product AB is replaced by a star product:
AB → A ? B ≡ qA,B AB , where qA,B = e− i2 mjkγm JAj JBk = (qB,A)−1 (47)
and JA1 , J
A
2 , J
A
3 ∈ SO(6) are the three Cartan charges of A-field. Using this rule, it
is easy to recover the γ-deformed Lagrangian (45) from the undeformed one. On the
classical level, the full superconformal symmetry appears to be explicitly broken:
PSU(2, 2|4)→ SU(2, 2)× U(1)3 but the conformal symmetry remains.
Strictly speaking, on the quantum level the γ-deformation breaks the conformal
symmetry, even in the large Nc limit [8] : although the ’t Hooft coupling g does not
run with RG flow, a few new, double-trace terms of the type tr(φjφ
†
k)tr(φkφ
†
j) or
tr(φjφk)tr(φ
†
jφ
†
k) [8, 10, 11] are generated, whose couplings do run. In particular, for
the double-trace interaction term α2jjtr(φjφj)tr(φ
†
jφ
†
j) the one-loop beta-function is
given by [81]
βα2jj =
g4
pi2
sin2 γ+j sin
2 γ−j +
α4jj
4pi2
+O(g6)), (no sum over j), (48)
so that at a complex fixed points
α2jj = ±2ig2 sin γ+j sin γ−j +O(g4) (49)
the γ-deformed N = 4 SYM theory becomes again a true, though non-unitary,
CFT! [12, 13]. This statement was demonstrated in [13] in a few orders of per-
turbation theory in the specific double scaling limit described below. It was also
claimed in [13] , and checked in many different ways, that the γ-deformed QSC
of the previous section solves the problem of planar spectrum of the γ-deformed
N = 4 SYM precisely at this fixed point.
ySuch a summation over triply repeated indices occurs since the SU(4) ∼ SO(6) symmetry is
broken by γ-twists.
aaWe also suppressed the spinorial indices in the second and third lines in the above formula,
always assuming that they are contracted in the standard way: (. . . ψ . . . ψ)→ (. . . ψα . . . ψα) and
(. . . ψ¯ . . . ψ¯)→ (. . . ψ¯α˙ . . . ψ¯α˙).
bbUnless it is spontaneously broken in Coulomb branch.
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4.2. Double scaling limit and fishnet graphs
The γ-deformed N = 4 SYM theory admits an interesting DS limit [30] which
significantly clarifies the origins of integrability of N = 4 SYM itself. The DS limit
can be explicitly performed on the level of Lagrangian (45). Namely, it combines
the weak coupling limit and big imaginary γj parameters:
g → 0, e−iγj/2 →∞, ξj = g e−iγj/2 − fixed, (j = 1, 2, 3). (50)
The resulting non-unitary CFT directly follows from (45). It depends on three DS
couplings ξj and is defined
cc by the following Lagrangian [30]
L =Nctr
[
−1
2
∂µφ†i∂µφ
i + iψ¯α˙A∂
α
α˙ψ
A
α+
+ ξ21 φ
†
2φ
†
3φ2φ3 + ξ
2
2 φ
†
3φ
†
1φ3φ1 + ξ
2
3 φ
†
1φ
†
2φ1φ2+
+ i
√
ξ2ξ3(ψ
3φ1ψ2 + ψ¯3φ
†
1ψ¯2) + i
√
ξ1ξ3(ψ
1φ2ψ3 + ψ¯1φ
†
2ψ¯3)
+ i
√
ξ1ξ2(ψ
2φ3ψ1 + ψ¯2φ
†
3ψ¯1)
]
. (51)
Notice that the gauge field and the 4th component of fermion are completely de-
coupled in DS limit.
This theory obeys a certain chirality property which shows up if we consider
the Feynman perturbation theory for graphs with fixed topology appearing in 1/Nc
expansion. Namely, each term in the last two lines of (51), with quartic scalar
or Yukawa interaction, does not have its Hermitian conjugate counterpart. This
means that, only a certain order of propagators around each vertex of a planar
graph is possible, and the vertex with opposite order, which would correspond to
the Hermitian conjugated term in the Lagrangian, does not appear. We will show
in the next subsection, along the lines of [30, 40], that this chiral property leads
to the RG independence of ξj couplings and the absence of mass generation, since
the corresponding Feynman graphs would necessarily include the vertices of both
chiralities.
4.3. Bi-scalar model and integrable fishnet graphs
Let us discuss a particular case of the model (51), taking ξ1 = ξ2 = 0 and keeping
only ξ ≡ ξ3 6= 0. Its Lagrangian appears to be extremely simple [30]
Lbi-scalar[φ1, φ2] = Nc
2
tr
(
∂µφ†1∂µφ1 + ∂
µφ†2∂µφ2 + 2ξ
2 φ†1φ
†
2φ1φ2
)
. (52)
The planar Feynman graphs are built of two types of scalar propagators:〈
φ∗ij1 (y)φ
kl
1 (x)
〉
0
=
〈
φ∗ij2 (y)φ
kl
2 (x)
〉
0
=
1
N
δikδjl
1
(x− y)2 (53)
and a scalar vertex
V = ξ2tr (φ†1φ
†
2φ1φ2). (54)
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φ†1
i
j
φ1
i′
j′
φ†2
i
j
φ2
i′
j′
φ†1
φ1
φ†2
φ2
Fig. 8.: Propagators and the vertex of bi-scalar model in double-line ’t Hooft nota-
tions. The external arrows show the direction from a field to its Hermitian conju-
gate. The model has a particular orientation of this arrows for two different fields
(solid lines for φ1 and dotted lines for φ2) around the vertex, fixing its chirality.
The vertex of opposite chirality, corresponding to the complex conjugate interaction
term, is absent.
These elements are presented in double-line notations on Fig.8.
The perturbative expansion for this theory appears to contain very limited set of
Feynman graphs, with very specific structure. Notice for example that, in the lowest
order of perturbation theory, the Feynman diagrams renormalizing the coupling ξ
(on the left of Fig.9) and the mass of scalars (on the right of Fig.9) are absent since
they can be built only from two vertices of opposite chirality. This property persists
in higher orders as well.
φ1
φ†2 φ2
φ†1
φ†1 φ
1
Fig. 9.: These elements of graphs, renormalizing the vertex (on the left) and the
mass (on the right), are absent from the planar Feynman diagrams of bi-scalar model
due to the wrong chirality of vertices marked by a spot, absent from the action.
This is an illustration of a general phenomenon leading to the all-loop conformality
of the model.
However, double-trace vertices will still be generated by RG, similarly to the
full γ-deformed N = 4 SYM. For example, the diagrams of the types depicted on
ccUp to the already discussed double-trace scalar interactions, tuned to the conformal point.
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Fig.10 will generate the double-trace terms
α21
2∑
i=1
tr(φiφi) tr(φ
†
iφ
†
i )− α22 tr(φ1φ2)tr(φ†2φ†1)− α23tr(φ1φ†2)tr(φ2φ†1) . (55)
The couplings αi can be again adjusted, as functions of the non-renormalized
φ†1 φ
†
1φ
1 φ1
φ1
φ†2 φ†1
φ2
Fig. 10.: Feynman diagrams generating the double-trace interactions in γ-deformed
N = 4 SYM theory in general, and in the bi-scalar model in particular. They sur-
vive even in the planar limit, but with the appropriate fine-tuning of these (complex)
couplings the theory remains conformal.
coupling ξ, to the fixed point where the model becomes a non-unitary CFT [12, 13].
The last two couplings appear to be only one-loop renormalizable, so that at the
critical point they are fixed to α22 = α
2
3 = ξ
2, whether as the critical coupling
α1(ξ) is more complicated and can have two complex conjugate values [13], given
in dimensional regularization scheme by
α21,± = ±
iξ2
2
− ξ
4
2
∓ 3iξ
6
4
+ ξ8 ± 65iξ
10
48
− 19ξ
12
10
+O
(
ξ14
)
. (56)
To study the spectrum of anomalous dimensions of local operators in such a
theory, we have to be able to compute the mixing matrix among various operators
which is given in terms of two-point correlation functions. Generically, such oper-
ators are of single trace type (in the planar limit) and can be presented as linear
combinations of “words” (with cyclic symmetry) built out of four fields φ1, φ
†
1, φ2, φ
†
2
(taken at the same space-time point x) and two light-cone derivatives ∂± applied
any number of times to any of the scalar fields constituting a local operator. Not
all of these operators are independent: some of them are descendants (full deriva-
tives) of simpler ones and some can be excluded by equations of motion. Still their
amount is quickly increasing with the number of constituent fields. Diagonalizing
the mixing matrix with particular linear combinations of such operators we obtain
the anomalous dimensions as its eigenvalues.
Let us consider one type of such operators – the multi-magnon operators built
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only from L−M fields φ1 and M fields φ2 (with no derivatives): dd
OL,M (x) = tr
φ2φ1φ1φ1φ2 . . . φ1︸ ︷︷ ︸
L fields
 (x) + permutations. (57)
There exist linear combinations of such operators with given L,M , diagonalizing
the mixing matrix, i.e. leading to the standard conformal two-point correlation
functions
〈O(x) O(0)〉 ∼ |x|−2L−2γ(ξ) (58)
where γ(ξ) is the anomalous dimension of such an operator – typically a complicated
function of ξ which we want to compute. The simplest of such operators is the
“vacuum” operatoraa without magnons (M = 0)
OL(x) = tr [φ1(x)]L . (59)
It does not mix with any other operator and hence it has a particular anomalous
dimension γL(ξ). If we try to compute the pair correlation function of such opera-
tor 〈O†L(x)OL(0) by the Feynman perturbation technique we quickly realize that a
single non-zero Feynman graph contributes at each ξ2L order of perturbation the-
ory and it has the shape of a “globe” with meridians consisting of only φ1-type
propagators and the parallels consisting of only φ2-type propagators, as depicted
on Fig.11(left). Due to the conformal invariance, we can send in this two-point
correlator x→∞ without the loss of information. In this case, the trivial divergent
contribution |x|−2L will factor out from the correlator (58) and we can chop off L
propagators adjacent to the “north pole” of the globe responsible for that contribu-
tion and reduce the globe graph to a wheel graph shown on Fig.11(right). We will
call this procedure a UV reduction. That means that if we were able to compute
such a Feynman integral at any loop order at a given L we would calculate a very
non-trivial quantity in this CFT – the anomalous dimension of the “vacuum” opera-
tor. Remarkably, the bulk of this graph looks like a regular square lattice – “fishnet”
– and is known to define an integrable statistical-mechanical lattice model [31]. The
problem of vacuum anomalous dimension is exactly solvable due to integrability and
QSC is a very efficient approach for that. In the next subsection we will describe
these results.
Let us also consider a more general case of the operators (57), in the presence
of magnons, i.e. M 6= 0. They are also dominated by very particular Feynman
graphs of a spiral type, as shown on Fig.12(left). The UV reduction, similar to the
previous globe/wheel case, brings us to a graph on Fig.12(right) which can be called
ddIn the description of these operators and the related Feynman graphs we closely follow the
paper [40] and most of the figures are also borrowed from there.
aaThis operator is protected in the undeformed N = 4 SYM theory, i.e. it has the dimension
∆ = L for any value of coupling. The corresponding string state is usually called BMN vacuum.
We keep calling it the “vacuum” operator, though it gets non-trivial corrections in γ-deformed
case, produced by so called wrapped Feynman graphs.
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Fig. 11.: The “globe” graphs (on the left) are the only type of Feynman graphs
(for L > 2) contributing to the pair correlation function of the vacuum operator
tr(φ1)
L(x). In the bulk, such a Feynman diagram has the structure of fishnet: the
regular square lattice of propagators with φ4 interactions in the vertices. Due to the
conformal invariance of these graphs we can send the coordinate at one of the poles
to infinity and, using the fact that we compute UV divergent expression, factor out
the propagators around this pole as |x|−2L. We will be thus left with the calculation
of the “wheel” graph, on the right of the picture. To compute the corresponding
anomalous dimension we need to know only the coefficient of the simple pole 1/ of
the wheel graph. The wheel graphs are integrable. They can be studied by means of
QSCγ (see next section) or using its SU(2, 2) Heisenberg spin chain interpretation.
a “spiderweb” graph.bb These graphs also have a fishnet structure in their bulk.
However, on the boundary of this fishnet the structure of the spiderweb graph is
very different from the wheel graph. We can see that these are the same integrable
lattice systems but with different boundary conditions. QSC allows to compute the
anomalous dimensions of such multi-magnon operators as well. Such a calculation
at arbitrary coupling, or arbitrary loop order, is yet to be done. But for low orders of
perturbation theory, corresponding to “unwrapped” magnon graphs, such as shown
on Fig.13 can be computed by means of the asymptotic Bethe ansatz (ABA) [40] –
a doubly scaled version of Beisert-Staudacher equations [82].
Let us note that, unlike the vacuum operators, the multi-magnon operators
mix with each other for M > 1 magnons. QSC approach automatically solves the
problem of finding the true anomalous dimensions - the eignevalues of the mixing
matrix.
The limited Feynman graph content of correlation functions in bi-scalar theory
brings us to the idea of using integrability for exact computation of fishnet graphs
(or at least of their specific UV singularity) with various integrable boundaries,
specified by the appropriate conformal operators. This program was significantly
advanced in [30] where the double wheel graphs (with double wrapping) have been
bbThis is precisely the way the spiders weave their web.
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Fig. 12.: The spiral graphs, such as one on the left – an example with 2 magnons,
dominate the operators with magnons of the type (57). The UV reduction, similar
to the one leading from globe graphs to wheel graphs for vacuum operators, gives
a spiderweb-type graph on the right, obtained from the spiral graph by chopping
off the propagators around one of the poles, such as the 3-magnon graph on the
right. All those graphs are integrable and thus, in principal calculable, at least for
the simple pole contributions in dimensional regularization.
Fig. 13.: An unwrapped magnon graph (spiderweb), calculable by the asymptotic
Bethe ansatz methods developed in [40]. The absence of wrapping concerns the
topology of planar graph. It can be seen as existence of a path connecting the center
(fixed) node with a point outside (“infinity”) without crossing any propagators.
computed using the TBA results of [83] , in [40] cc where the 5-loop unwrapped
2-magnon graphs have been computed using the doubly scaled ABA equations, and
finally in [24] where the problem of L = 3 wheel graphs (i.e. with 3 spokes) is
ccTomake it precise, the explicit results for each 2-magnon 5-loop graph come about from a com-
bination of ABA approach of [40] and explicit computation of one of these graphs in [84].
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reduced, by the double scaling procedure applied to QSC formalism of the previous
section, to a Baxter equation with specific quantisation conditions described in the
next subsection. The last result gives essentially the full solution of the problem
since it is very easy to generate from this equation the results for UV 1/ diver-
gency of such a graph at very high loop orders (12 loops are reached by a laptop
mathematica program), in terms of explicit multiple ζ-value (MZV) expressions.
Numerical solution for the anomalous dimension at finite couplings, with very high
precision, is available as well.
We will describe the results of [24] for the vacuum operator in the next section.
We will conclude this section by an interesting observation which can have important
consequences for the non-perturbative study of this model.
4.4. Feynman graphs of bi-scalar model and SU(2, 2) conformal
Heisenberg spin chain
It was noticed in [30] that the problem of computation of the wheel graphs can
be formulated in terms of the “graph-building” operator in the space of space-time
coordinates xl
tˆL = ξ
2L
L∏
l=1
1
(xl+1 − xl)2
L∏
l=1
∆−1xl (60)
which represents one row of a wheel graph, as depicted in Fig.14(left). Here the first
  
Fig. 14.: On the left, we give a schematic representation of the graph-building
operator tˆL (60)(transfer-matrix), with a row of propagators around the circle and
the radial propagators given by inverse laplacians. On the right, the 3rd power
of this operator is depicted as a consecutive action of the kernel of this operator,
producing the integrations w.r.t. the 4D variables in the intermediate vertices.
These graphs give the main contribution to a certain 2L-point correlation function
of the bi-scalar model.
factor represents propagators of field φ2, placed along the circular frame in angular
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direction, and the second factor uses the standard property of inverse Laplacian
∆−1x δ
(4)(x− y) = 1
(x− y)2
to insert the propagators in radial direction.
The wheel graph with n frames is given by the following formal expression:
WL,n =
∫
d4x1· · ·
∫
d4xL 〈x1, . . . , xL|
(
tˆL
)n |0, . . . , 0〉. (61)
A power of graph-building operator tˆL is illustrated by the Fig.14 (on the right we
show the example of (ˆtL)
3). Summing up matrix elements of powers of tˆL we obtain
a certain 2L-point correlation function
KL(x1, . . . , xL|y1, . . . , yL) =
L∏
l=1
(xl+1 − xl)2 ×
∞∑
n=1
〈x1, . . . , xL|(tˆL)n|y1, . . . , yL〉 =
=
L∏
l=1
(xl+1 − xl)2 × 〈x1, . . . , xL| tˆL
1− tˆL
|y1, . . . , yL〉 (62)
given by the sum of cylindric fishnet graphs, as the one on Fig.14(right).
Of course these expressions are UV divergent and need to be regularized. The
standard dimensional regularization introduces the dimension as the regularization
parameter  = 4 − D. To extract the anomalous dimension γL(ξ) of the vacuum
operator tr(φ1)
L, we only need to know the residue of the lowest, 1/ pole of WL,n
for each n.
We will now argue that the graph-building operator (60) is a nontrivial conserved
charge of the noncompact Heisenberg spin chain based on the conformal group
su(2, 2). Indeed, let us define a Lax operator
Lˆαβ(u) = u δαβ +
1
2
sabαβ ρab (63)
where u is the spectral parameter, sabαβ = δ
a
αδ
b
β − 14δabδαβ are the standard adjoint
su(4) generators and ρab = {Pi,µ, Li,µν , Di,Ki,µ} ∈ su(2, 2) is a 4× 4matrix of gen-
erators of conformal group in representation (S1 = 0, h = 1, S2 = 0), i.e. with zero
conformal spins and a unit weight (dimension) corresponding to that of the scalar
field. This Lax operator satisfies the Yang-Baxter equations graphically represented
on Fig.15, with the intertwining R-matrix living in the direct product of principal
series representations and given by the following expression [38]
Ru(z1, x1|y1, z2) = c(u)
[(x1 − z1)2]−u−1[(x1 − z2)2(z1 − y1)2]u+2[(y1 − z2)2]−u+1 .(64)
where c(u) = 2
4u
pi4
Γ2(u+2)
Γ2(−u) is a useful normalization factor. This R-matrix can be
used to construct a transfer-matrix by taking the trace of their matrix product in
auxiliary space (with the 4D variables z1, . . . , zL as labels):
TˆL(u)
=
∫
d4z1
∫
d4z2· · ·
∫
d4zL Ru(z1, x1|y1, z2)Ru(z2, x2|y2, z3) . . . Ru(zL, xL|yL, z1).
(65)
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=
  
Fig. 15.: Yang-Baxter relations for the Lax operators (63), including the intertwiner
R-matrix (64) leaving in the product of principal series representations of the con-
formal group SU(2, 2) realized by 4D coordinates xj , yj , tj . Lax operator leaves in
the product of principal series representation (thick black lines) and fundamental
representation (thin red lines), with indices α, β = 1, 2, 3, 4. The integrations over
coordinates t1, t2 are assumed.
This quantity is depicted on Fig.16(upper part).
Remarkably, when tuned to a particular value of the spectral parameter u =
−1 + , ( → 0) this transfer-matrix becomes exactly the graph-building operator
(60)! [24] Namely,
〈x1, . . . , xL|TL(−1 + )|y1, . . . , yL〉 = 1(16pi2)L
∏L
i=1
1
(yi−yi+1)2 (yi−xi)2
∼ 〈x1, . . . , xL|tˆL|y1, . . . , yL〉,
which can be also easily seen from the Fig.16(lower part).
With the help of Lax operator (63) we can also construct another u-dependent
transfer-matrix,
TˆL(u) = Lˆα1α2(u)Lˆα2α3(u) . . . LˆαLα1(u) (66)
Both transfer-matrices represent generating functions of quantum integrals of mo-
tion for the conformal, SU(2, 2) Heisenberg spin chain. In virtue of the Yang-Baxter
relations they should commute:
[TˆL(u), TˆL(u′)] = 0, (67)
and, consequently, they both commute at any u with the graph-building transfer
matrix (60):
[TˆL(u), tˆL] = [TˆL(u), tˆL] = 0. (68)
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Fig. 16.: Graphical demonstration of relation between the R-matrix (64)(upper
chain of squares, with integrations over variables zj) and the graph-building oper-
ator (60). The latter one emerges from the former for a particular limit of spectral
parameter u → −1, when α+ → 0, β, α− → 1, and δ(4)(zi − yi) occur. This
demonstrates the fact that the graph-building operator is in involution with all the
conserved charges of the integrable conformal su(2, 2) spin chain.
This means that many problems of computation of physical quantities in the bi-
scalar theory, such as OPE data, correlation functions, etc, given by fishnet Feyn-
man graphs, can be formulated and studied within the relatively well developed
formalism of integrable non-compact Heisenberg spin chains [32–38]. This promis-
ing approach to the study of bi-scalar model and its generalizations, based on the
conformal spin chain, is still at its very early stage, though some important obser-
vations have been done on this way in [24]. This Lax approach appeared to be very
fruitful in application to the scattering amplitudes of the bi-scalar model where the
Yangian symmetry has been discovered and explicitly demonstrated [85, 86], though
in the original N = 4 SYM this symmetry remains still an open issue.
We will turn now to a more developed QSC approach which is however limited
so far to the computation of spectra of local operators.dd
5. QSC solution for wheel graphs
In this section, we will consider, as an application of QSC method, the calculation
of anomalous dimensions for the vacuum operators tr(φ1)
L in the bi-scalar CFT
ddAnd some non-local operators as well, such as a cusped Wilson loop [20].
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(52), with a particular stress on the L = 3 case. We will give only the main
ideas of calculations. The interested reader can find all the details in the original
papers [13, 24] where these results have been obtained.ee
Our computation will be based on three main ingredients:
• Analyticity properties of P and Q functions in the DS limit, as described
in the previous section;
• The DS limit of general QSCγ Baxter equation (30) for Q-functions;
• Quantization condition for solutions of Baxter equation as a consequence
of RH sewing relations (43).
5.1. DS Baxter equations
Let us first notice that, the operators tr(φ1)
L belongs to representation (J1 =
L, J2 = 0, J3 = 0) of SO(6) → U(1)3 broken R-symmetry group of the full γ-
deformed SYM theory. This state, as well as more general multi-magnon operators
(57), obey the RL-symmetry and hence the upper index Pa and Qj functions are
trivially expressed through lower index Pa and Qj functions the relations (31), thus
greatly simplifying the algebraic structure of QSC Baxter equation (30), even before
the DS limit.
The asymptotic 1/u expansions of Pa and Qj functions follow from the values
of Cartan charges for this state: {J1, J2, J3|∆, S1, S2} = {L, 0, 0|∆, 0, 0}. We have
from (32),(33),(37),(38)
Pa ∼ Aaxiua u−λa (1 +O(1/u)) , Qi ∼ Biu−ν
′
i (1 +O(1/u)) , (69)
where
λa =
{
L
2
,
L
2
,−L
2
,−L
2
}
, ν′i =
{
−∆
2
,−1− ∆
2
,−2 + ∆
2
,−3 + ∆
2
}
. (70)
The leading coefficients of asymptotics Aa, Bj , as well as the subleading ones, can be
fixed, up to the normalization conventions, by plugging them into the QSC Baxter
equation (30).
We can also make some precisions on the ’t Hooft coupling g dependence of
P functions, using their important analyticity property – the presence of a single
short Zhukovsky cut for x ∈ (−2g, 2g) on its physical sheet. That is why we can
uniformize P functions by expanding them in powers of variable x(u) instead of the
spectral parameter u itself. Namely, we can write
Pa(u) = x
iu
a (gx(u))
−λapa(u) , (71)
where
pa = {A1f1(u), A2f1(−u), A3f2(u), A4f2(−u)} (72)
eeMost of the figures of this section are also borrowed from [24].
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and
f1 = 1 + g
2L
∞∑
n=1
g2n−2c1,n
(gx)n
, (73)
f2 = (gx)
−L
(
uL +
L−1∑
k=0
c2,−kuk +
∞∑
n=1
g2nc2,n
(gx)n
)
. (74)
where the coefficients c1,n(g), c2,n(g) are functions of g and γj , yet to be defined.
We use the Zhukovsky variable which can be also expanded in powers of g/u
gx(u) =
1
2
(
u+
√
u2 − 4g2
)
= u
(
1− g
2
u2
− g
4
u4
− 2g
6
u6
+O
(
g8
))
. (75)
The asymptotics (69) are already incorporated into this expansion and we used
here natural assumptions about the symmetry of P functions of the vacuum state
tr(φ1)
L w.r.t. the refection u↔ −u.
In the DS limit, we takeff
κ = e−
i
2 (γ3+γ2) →∞, κˆ = e− i2 (γ3−γ2) →∞, g → 0, (ξ = g κ→ fixed), (76)
we have to make some natural assumptions about the g-dependence of coefficients
c1,n(g), c2,n(g). We will assume that all of them have regular expansion around
g = 0. Notice that f1 = 1 + O(g2L), which reflects the fact that the non-trivial,
wrapping contributions to the main asymptotics start here from g2L terms [16]. The
power g2n−2 in each term of expansion in (73) is needed to make each of these terms
regular in the weak coupling limit g → 0 in the function P˜a(u) obtained from Pa(u)
by monodromy around the branchpoint. This monodromy Pa → P˜a is achieved by
simply flipping everywhere x(u) → 1/x(u), so that, e.g. g2n(gx)n → g
2nxn
gn ∼ O(g0).
A similar reasoning applies to f2. Notice that positive powers of u can be always
converted to expansion in x using the inverse map u = g(x+ 1/x).
Plugging the large u asymptotics of expansion (71)-(74) into the coefficients (30)
of QSC Baxter equation we can immediately fix the following relation between the
leading coefficients Aa of the asymptotics: [16]
A1 = −A2 = κˆ
L(κL − 1)3
(1 + κL)(κL − κˆL)((κκˆ)L − 1) (77)
A3 = −A4 = − κ
L(κˆL − 1)3
(1 + κˆL)(κL − κˆL)((κκˆ)L − 1) . (78)
where we chose the twist parameters as xa =
{
κL, κ−L, κˆL, κˆ−L
}
. Notice that for
the bi-scalar limit κˆ→ κ.gg
We can use all this information to compute the coefficients (30) of QSC Baxter
equation in the DS limit but for finite u. To this end, we expand the coefficients
c1,n(g), c2,n(g), as well as the Zhukovsky variable gx(u), in regular series in g
2:
cm,n(g) = cm,n(0) + c
′
m,n(0)g
2 +
1
2
c′′m,n(0)g
4 +O
(
g6
)
(m = 1, 2), (79)
ffThere is no γ1 dependence for this particular state.
ggWe consider the case κˆ 6= κ for regularization of certain divergencies. Then the LR-symmetry
relation (31) between upper and lower index P’s should be accompanied by the simultaneous
exchange κˆ↔ κ. [16] At the end we will put them equal.
Quantum Spectral Curve of γ-twisted N = 4 SYM and fishnet CFT 37
plug these expansions into (73),(74) and use the resulting expansions of f1, f2 to
compute the coefficients (30) of QSC Baxter equation. Notice that we assume the
right DS scaling regime for these functions to be g  u ∼ 1. As we mentioned in
formulating the basic ‘axioms” of QSC, we assumed that the short Zhukovsky cut
is the only singularity of P functions at finite part of the physical sheet. Hence
the expansion (75) is the only source of poles at the origin in the DS limit of P
functions.
Now we can perform the DS limit in coefficients (30) by grouping the powers of g
with the powers of twist parameters κˆ, κ (appearing in coefficients Aa in (77)-(78))
into finite DS couplings ξ = g κ, ξˆ = g κˆ and dropping all the subleading terms
O(g, 1/κ, 1/κˆ). Remarkably, no terms which blow up in this limit occur during this
DS procedure, which perfectly confirms our assumptions for the ansatz (73),(74).
Of course, only a finite number of expansion coefficients is retained, though their
number increases with the length of operator L, as is obvious from the form of the
leading coefficients (77)-(78).hh. Another positive sign is that all the coefficients
(30) of QSC Baxter equation appear to be of the same order in g and hence we have
at the end a perfectly defined Baxter equation in DS limit for the “vacuum” state,
valid for the full chiral CFT (51). If we want to limit ourselves to the bi-scalar case
we simply put ξˆ = ξ which appears to be a smooth limit in the DS Baxter equation.
The resulting Baxter equation, for slightly modified definition of Q-function
Qj = u
L/2qj , (80)
takes a rather symmetric form [24]
A (u+ i) q (u+ 2i)−B
(
u+
i
2
)
q (u+ i) + C (u) q (u)−
−B
(
u− i
2
)
q (u− i) +A (u− i) q (u− 2i) = 0 , (81)
where for L = 3
A(u) = u3 , B(u) = u
(
4u2 − α+ 5
2
)
, (82)
C(u) = 6u3 − (α+ 5)u+ (α− 1)
2
16u
+
m2
u3
(83)
and α = (∆ − 2)2. The higher conserved charge m(ξ), as well as the value of
dimension ∆(ξ) for this state – our main goal – will be fixed from the auxiliary
quantization condition following essentially from the QSC Riemann-Hilbert sewing
conditions (41).
The Baxter equation (81) is very suggestive as concerns already mentioned di-
rect relation of the current problem to the periodic SU(2, 2) Heisenberg spin chain
described in [38] (see Appendix A of [24]). One can even justify its form (81), with
hhPractically, extracting the DS limit from such expansions was done by using Mathematica
program. Increasing L can be rather time-consuming, so that we have done the actual calculations
only for L = 2, 3, 4. [24].
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A(u) = uL, which is completely fixed by the choice of spin representation {0, 1, 0},
whereas B(u) and uLC(u) are polynomials in u of degree L and 2L, respectively,
obeying the symmetry (proper to this state): B(u) = (−1)LB(−u) , uLC(u) =
(−u)LC(−u). This information, as well as the asymptotic behavior of q functions:
q ∼ uδ , δ =
{
∆− L
2
,
∆− L
2
+ 1, 2− ∆ + L
2
, 3− ∆ + L
2
}
(84)
following from (69) partially fix the coefficients of (81) at any L: [24]
B(u) = 4uL − 1
2
(α+ 3L− 4)uL−2 + buL−4 +
[L/2]∑
k=3
dku
L−2k , (85)
C(u) = 6uL − (α+ 3L− 4)uL−2 + (α− 4)
2 + 32b+ 3L2 + 2(α− 7)L
16
uL−4
+
L∑
k=3
cku
L−2k , (86)
where α = (∆ − 2)2. These expressions depend on 1 + (L − 2) + ([L/2] − 2) =
L + [L/2] − 3 arbitrary constants b, ck, dk, to be fixed by additional, yet to be
derived, quantization conditions.
5.2. DS quantisation condition
The Baxter equation (81) has a few unfixed coefficients, including the main quantity
under study – the dimension ∆(ξ). In addition, any linear combination, with i-
periodic coefficients, of 4 independent solutions of this equation is again a solution.
We have to find such a set of 4 solutions, corresponding to qi = u
−L/2Qi that they
are pure functions. But even the condition of purity does not fix them completely.
We have to find an additional condition which fixes the solutions, as well as the yet
unfixed coefficients in (85), completely. Such a quantisation condition should be
based on the RH sewing relations (41) which we did not use so far.
Let us now concentrate on the case L = 3 for the bi-scalar model. First of all,
we notice that the 4th order Baxter equation (81) can be factorized in this case to
two 2nd order equations: (Lˆ+u
3Lˆ−)q ≡ (Lˆ−u3Lˆ+)q = 0, where
Lˆ±q(u) ≡
(
(∆− 1)(∆− 3)
4u2
± m
u3
− 2
)
q(u) + q(u+ i) + q(u− i) = 0. (87)
The asymptotics (70) suggest that the pure solutions of the first of these equations
Lˆ−q(u,m) = 0 are
q2(u,m) = u
∆/2−1/2
(
1 +
a1
u
+O
(
1
u2
))
, (88)
q4(u,m) = u
−∆/2+3/2
(
1 +
b1
u
+O
(
1
u2
))
, (89)
Then q1(u,m) = q2(u,−m), q3(u,m) = q4(u,−m).
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From solutions to the Baxter equation (87), we can now construct four Q-
functions. In the double scaling limit they are linear combinations of q functions
Q1(u) =
−is6
2m(∆− 2)u
3/2[q2(u,m)− q2(u,−m)] ,
Q2(u) =
u3/2
2
[q2(u,m) + q2(u,−m)] ,
Q3(u) =
is6
2m(∆− 2)u
3/2[q4(u,m)− q4(u,−m)] .
Q4(u) =
u3/2
2
[q4(u,m) + q4(u,−m)] ,
(90)
where the coefficients on the left are chosen as a normalization and the other two
are fixed from compatibility with the QSC Baxter equation (30). These functions
obey a fixed parity w.r.t. u→ −u, as assumed in the initial ansatz, since the Baxter
equations are invariant w.r.t. the simultaneous change u→ −u, m→ −m. Notice
that this also means that
Q¯j(u) ∼ Qj(−u) (91)
since we will see below that for physical solutions the constantm is purely imaginary.
The RH conditions (41), together with the RL-symmetry (31), lead to an addi-
tional constraint β1 = 1/β¯2 and thus to the following analyticity constraints
Q˜1(u) = β¯1Q¯3(u), Q˜2(u) = −β1Q¯4(u). (92)
Notice that if we take the argument at one of the branch-points u∗ = ±2g then we
have an obvious equality Q˜j(u
∗) ∼ Qj(u∗) since, by assumption, the only singular-
ities of Qj at finite u are the Zhukovsky cuts. That means that keeping u = u
∗ we
can extract from (92),(88), (89) two expressions for β1:
β1 =
Q1(u
∗)
Q3(−u∗) = −
Q2(u
∗)
Q4(−u∗) . (93)
Since in the DS limit u∗ = ±2g → 0, plugging here (90) we obtain the final quanti-
zation condition:ii
q2(0,−m)q4(0,m) + q2(0,m)q4(0,−m) = 0 (94)
which fixes unambiguously the physical solution of Baxter equation (87).jj
Recall that the Q functions, by the assumptions of QSC formalism, can only
have the short cuts in the lower half-plane, starting from the real axis. In the DS
limit these cuts can give only the poles at u = −in, n = 0, 1, 2, . . .. Inspecting
iiI thank N.Gromov for sharing with me this and the next shortcuts for deriving the quantization
condition and the formula for m2. See more rigorous original derivation in our paper [24].
jjThis relation implies the cancellation of the proportionality constants appearing in (91). These
constants can be computed by following the asymptotic behavior behavior of functions in (90)
when going from u→∞ to u→ −∞ along a big semicircle in the upper half-plane.
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the equation (87) around these poles we realize that, first of all, they cannot be
of the order higher than 1u3 , and second, q2(u,m), q4(u,m) are regular functions at
u = 0. kk Similar argument applies to Q¯, except that the poles can be now found
only in the upper-half plane, and hence q2(u,−m), q4(u,−m) are also regular at
u = 0.
This quantization condition suffices to establish the relation between ∆ and m.
However, we don’t know yet how any of them are related to the coupling constant
ξ. The dependence of m on ξ was derived in [24] from the QSC formalism and
appeared to be very simple
m2 = −ξ6. (95)
implying, as we already mentioned, that m is imaginary. We will not reproduce here
these arguments but we note that it can be obtained entirely within the SU(2, 2)
Heisenberg spin chain formalism [24, 38] by showing that the coefficient m2, an
eigenvalue of the conserved charge mˆ2, can be directly related to the graph-building
hamiltonian hˆ3 defined by (60), namely
mˆ2 = −ξ6(hˆ3)−1. (96)
Then we notice that the energy of this state should be defined by the position of
the pole in the expansion (62), namely at hˆ3 → 1. For the eigenvalue of mˆ this
means precisely the relation (95).ll
In conclusion, we obtained the following formulation of solution of the problem of
computation of anomalous dimension of the operator tr(φ1)
3 in the bi-scalar model:
to fix ∆(ξ), we find a pair of pure solutions of Baxter equation (81) (choosing the
lower sign “-” there and fixing m = ±iξ3) satisfying the quantization condition
(94), the asymptotic expansions (88)-(89) and having the poles up to the third
order order for u = −in, n = 1, 2, 3, . . .. This will fix a discrete set of dimensions
∆(ξ), the lowest of them corresponding to the operator tr(φ1)
3.
5.3. Some results for J = 3 spectrum
Let us briefly present some results of the analysis, perturbative and numerical, of
equations obtained in the previous section.
Weak coupling solution for the operator tr(φ1)
3: At zero order we have
m = −iξ3 = 0 and ∆(0) = 3. We find thus a pair of independent solutions of
(81): qI(u, 0) = u , qII(u, 0) = 1 . Expanding ∆ = L+
∑
k ξ
6k∆(k) and, for each
function, q(u,m) = w1(u) + mw2(u) + m
2w3(u) + . . . and solving (81) iteratively
by means of varying coefficients, we can find the next term of m = ±iξ3 expansion
kkA pole at u = 0 would immediately produce a pole at u = i, which is absent by assumption
llThe last argument will appear in the forthcoming work [87].
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with the right pole structure:
qI = u− im (η1 − η2u) +
+m2
(
−η1,2 + η2,1 + uη1,3 − uη2,2 − iδ
2
+
1
2
iη1uδ +
uδ
2
)
+O (m3) ,
qII = 1− im (η2 − η3u) +
+m2
(
−η2,2 + η3,1 + uη2,3 − uη3,2 − 1
2
iη1δ +
1
2
iη2uδ
)
+O (m3) ,
where ∆ = 3−m2δ +O(m4) and we introduced a standard set of functions [88]
ηs1,...,sk(u) =
∑
n1>n2>···>nk≥0
1
(u+ in1)s1 . . . (u+ ink)sk
. (97)
Using these two q-functions we can find, order by order, the right linear combina-
tions of them corresponding to two pure solutions q2 and q4 which fit the asymptotics
(88)-(89). Leaving aside the details, which can be found in [24], we give here the
result for the dimension of tr(φ1)
3 up to 12 loops:
∆3 − 3 = −12ζ3ξ6 + ξ12
(
189ζ7 − 144ζ32
)
+ ξ18
(
−1944ζ8,2,1 − 3024ζ33 − 3024ζ5ζ32 + 6804ζ7ζ3 + 198pi
8ζ3
175
+
612pi6ζ5
35
+ 270pi4ζ7 + 5994pi
2ζ9 − 925911ζ11
8
)
+ ξ24
(
−93312ζ3ζ8,2,1 + 10368
5
pi4ζ8,2,1 + 5184pi
2ζ9,3,1 + 51840pi
2ζ10,2,1
−148716ζ11,3,1 − 1061910ζ12,2,1 + 62208ζ10,2,1,1,1 − 77760ζ34 − 145152ζ5ζ33
−576
7
pi6ζ3
3 − 864pi4ζ5ζ32 − 2592pi2ζ7ζ32 + 244944ζ7ζ32 + 186588ζ9ζ32
+
9504
175
pi8ζ3
2 − 2592pi2ζ52ζ3 + 29376
35
pi6ζ5ζ3 + 298404ζ5ζ7ζ3
+12960pi4ζ7ζ3 + 287712pi
2ζ9ζ3 − 5555466ζ11ζ3 + 2910394pi
12ζ3
2627625
+ 57672ζ5
3
−71442ζ72 + 13953pi
10ζ5
1925
+
7293pi8ζ7
175
− 19959pi
6ζ9
5
+
119979pi4ζ11
2
+
10738413pi2ζ13
2
− 4607294013ζ15
80
)
+O
(
ξ30
)
, (98)
where ζi1,...,ik =
∑
n1>···>nk>0 1/(n
i1
1 . . . n
ik
k ) are multiple Riemann ζ-values. Here
the coefficients in front of ξ6M give the residues at simple pole 1/ in dimension-
ally regularized Feynman integrals corresponding to the L = 3 wheel graphs with
M = 1, 2, 3, 4, . . . frames (see Fig. 17). The first two terms of (98) (one and two
wrappings) coincide with the known results [89, 90].
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Fig. 17.: The “wheel” Feynman graph corresponding to O(ξ24) term in the weak
coupling expansion (98) of anomalous dimension of the operator Tr(φ31).
Numerical solution The equations of the previous subsections can be also
solved, very efficiently and with virtually unlimited accuracy, numerically at all
interesting finite values of the coupling, using the methods developed in [20] . The
results for the dimension ∆3(ξ) are presented on Fig.18. This dimension is real for
sufficiently small values of ξ, but it becomes imaginary starting from a certain value
ξ3 ' 0.21, which is not an abnormal behavior for a non-unitary theory, such as our
bi-scalar model.
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0.5
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Re[Δ(ξ^3)]
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1.0
1.5
Im[Δ(ξ^3)]
Fig. 18.: Numerical results for the scaling dimension of the operator tr(φ31) as a
function of the coupling ξ3. At ξ3 ' 0.21 the scaling dimension hits the value
∆ = 2 and becomes imaginary. This point defines the radius of convergency of the
weak coupling expansion. The second branch, starting from ∆(0) = 1, arises due
to the symmetry of the Baxter equation (81) under ∆→ 4−∆. It corresponds to
a non-local, “shadow” operator.
Higher twist solutions and Jordan cells for mixing matrix Actually, our
Baxter equation (81), together with the quantization conditions (94), describes
not only the operator tr(φ1)
3 but also all operators with the same R-charge J1 =
L, J2 = J3 = 0. They can be represented as linear combinations of operators of
length= 3+2n, of the type: tr[(φ1)
3(φ†2φ2)
n] with all possible permutations of fields
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there.mm The weak coupling expansion, similar to the described above, leads to the
following, complex conjugate values of two dimensions of length-5 operators:
∆±5 = 5∓ 2iξ3 + 3ξ6 ±
31iξ9
4
+ ξ12
(
3ζ3 − 97
4
)
± iξ15
(
27ζ3
2
− 5359
64
)
+ . . . . (99)
In fact, they correspond to a multiplet formed by four operators
O1 = tr(φ
3
1φ2φ
†
2) , O2 = tr(φ
2
1φ2φ1φ
†
2) ,
O3 = tr(φ1φ2φ
2
1φ
†
2) , O4 = tr(φ2φ
3
1φ
†
2) . (100)
Their mixing matrix is not Hermitian, reflecting the non-unitarity of the theory.
Computing it in the lowest order of perturbation theory by means of Feynman
graphs presented on Fig.19 and bringing it it Jordan form we obtain
Fig. 19.: The lowest order Feynman graphs contributing to the mixing matrix (101)
of operators of charge J1 = 3, J2 = J3 = 0 and the length L = 5. Bringing
this matrix to the Jordan form we encounter two complex conjugate anomalous
dimensions (99) as well as 2 × 2 a Jordan cell leading to logarithmic conformal
correlator (102), typical for non-unitary CFTs.
V =
1
4pi2

0 ξ2 0 0
0 0 ξ2 0
0 −ξ4 0 ξ2
0 0 0 0
 = U ·

0 1 0 0
0 0 0 0
0 0 −iξ3 0
0 0 0 iξ3
 · U−1. (101)
mmThe operators with insertions of φ†1 appear to be protected.
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Plugging it into Callan-Symanzik equation µ ddµOi(x) = −VijOj(x) and solving it for
pair correlation functions we obtain a correlation matrix consisting of two standard
conformal correlation functions on the diagonal, corresponding to the dimensions
(99) (at two lowest orders), as well as a Jordan block of correlators with the loga-
rithmic behavior characteristic for the non-unitary CFTsnn:
〈O˜†α(x)O˜β(0)〉ren =
1
x10
[
0 1
1 log x2µ2
]
αβ
. (102)
We also performed in [24] numerical calculations for this and a few higher multiplets,
revealing a rich structure of the spectrum of this conformal CFT (see Fig.20).
The behavior of these dimensions was also analysed in [24] analytically in the
strong coupling limit ξ →∞. The results suggested an interesting interpretation of
the system in terms of the classical dynamics of three non-compact spins. It is an
interesting step in the direction of understanding whether the bi-scalar theory has
a string dual description. Probably for a better understanding of this problem one
has to analyze the operators of the type tr(φ1)
L at L → ∞, in analogy with the
Frolov-Tseytlin limit in standard N = 4 SYM theory.
6. Prospects and unsolved problems
This review has two main purposes: Firstly, to give the most general, albeit mini-
malist formulation of the quantum spectral curve (QSC) formalism for the spectrum
of dimensions of local operators of the γ-deformed N = 4 SYM theory; Secondly,
to demonstrate the power of QSC on the example of analysis of the spectrum of
certain operators in the bi-scalar CFT , dominated by “fishnet” graphs in planar
limit, emerging from the the γ-deformed N = 4 in a certain double scaling limit
combining weak coupling and strong imaginary twist.
The QSC formalism already permitted to obtain outstanding new results in
N = 4 SYM theory (see references in introduction and in the review [29]). The
QSC construction is also known for the ABJM model [18, 92, 93] and even for the
Hubbard model [94]. The QSC formalism is designed first of all for the spectral
problem for local operators. However, with appropriate modifications it was also
used for computing the dimensions of non-local quantities, such as the cusped Wil-
son loop, the quark-anti-quark potential or the BFKL limit for twist-2 operators in
planar N = 4 SYM [20, 22, 23, 69]. So far, the generalizations of QSC to more
complicated OPE data, such as the structure constants, is not known, though the
underlying physical quantities – the three-point correlation functions – obey re-
markable integrability properties [95, 96]. Another desirable generalization of QSC
would be the 1/N2c corrections where the integrability seems to be also helpful [97].
The QSC is also already constructed for the other deformations of SYM related to
quantum groups [25].
nnThe presence of such logarithmic correlation functions in the bi-scalar theory, omnipresent in
non-unitary CFTs [91] , was fist noticed by J.Caetano (unpublished).
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Fig. 20.: Real and imaginary part of the scaling dimension of the nine lowest lying
states with L = 3. The curve that starts at ∆(0) = 3 corresponds to the operator
tr(φ31). The pair of states that start at ∆(0) = 3 + 2k with k = 1, 2, 3, 4 correspond
to the operators of the form tr[(φ1)
3(φ†2φ2)
k] + permutations.
The bi-scalar CFT (52) and its generalizations (51) [30, 98], obtained from γ-
deformed N = 4 SYM theory in special double scaling (DS) limit, apart from being
new interesting examples of integrable planar four-dimensional CFTs, also play an
important conceptual role. Namely, they are dominated by very particular sets of
integrable planar Feynman graphs, such as “fishnet” graphs (of the shape of regular
square lattice in the bulk of graph) of bi-scalar model, or the “brick wall” graphs of
the case ξ3 = 0, ξ1 = ξ2 6= 0 of the model (51) formed by regular hexagonal lattice of
Yukawa-type vertices [40, 86]. Thus these CFTs explicitly demonstrate, for the first
time, the all-loop integrability of the original N = 4 SYM theory, at least in this
specific DS limit and it might be the key of understanding of the origins of the full
AdS5/CFT4 integrability and of the gauge-string duality. Similar considerations are
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applicable to the three-dimensional regular triangular planar graphs emerging from
the ABJM theory [98]. A similar chiral CFT dominated by hexagonal graphs can
be constructed in six dimensions [99] but, curiously, its 6D “mother” SYM theory
is unknown. It is also worth asking whether a similar chiral CFT dominated by
regular planar graphs could be found in two dimensions and whether it could be an
analogous DS limit of the twisted AdS3/CFT2 duality.
The chiral CFT’s emerging in the double scaling are dominated by very few
graphs at each order (sometimes only a single one, such as the “wheel”(Fig.11)
and “spiral”(Fig.12) graphs for the vacuum and one magnon operators of bi-scalar
CFT). This opens an opportunity to compute these graphs exactly, at any number
of loops, as we demonstrated it here for the wheel graphs. Another interesting case
is the fishnet amplitudes defined and studied in [85, 86]: each of them is dominated
by a single fishnet diagram with specific boundary – a disc cut out from a piece
of regular square lattice. Some particular graphs of this kind have been recently
computed [100, 101] and it would be interesting to understand and generalize these
results from the point of view of the Yangian symmetry discovered in [85, 86].
The question of existence of a string dual for the double scaling limit considered
here remains open. Naively, the classical string picture is gone since in the weak
coupling limit the AdS radius goes to zero. On the other hand, we deal with multi-
loop Feynman graphs which might provide, at high loop orders, at least for long
operators, a new dual string description. The results of [24] in the strong coupling
limit, already with respect to the DS coupling ξ, are encouraging in this sense since
they show that the bi-scalar model can be described by a classical model of a few
non-compact spins. If we increase the R-charge of operator, and thus the number
of spins, we could reach a classical string picture. The study of wheel graphs of
higher lengths, certainly possible by integrability, would be an important step in
this direction.
Many physical quantities which seem prohibitively difficult to compute in the
full N = 4 SYM theory appear to be accessible in the DS limit. In particular, the
exact dimension ∆2(ξ, S) of L = 2 wheel operator and of similar operators with
conformal spin S, of the form tr(φ1∂
S
±φ1), was computed in [13] in explicit form
and is given in very simple explicit form, as solutions of
1
16
(∆ + S − 2)(∆ + S)(∆− S − 2)(∆− S − 4) = ξ4. (103)
Moreover, an exact four-point function for specific scalar operators, the L = 2 case
of the correlator (62), given by the cylindric graphs of the type drawn on fig.14, was
explicitly computed in [13] in all loops – the only example, to our knowledge, of
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explicit all-loop calculation of a non-trivial four-point function in a 4D CFT.oo The
formula (103) was obtained in [13] by analysing the divergencies of this four-point
correlation function, as well as from the QSC formalism. This four-point correlation
function appears to have a nice OPE expansion generating infinitely many exact
structure constants involving the above operators of L = 2.
The computation of more complicated correlators, involving longer operators
and multi-point correlators, is a complicated but very promising enterprise. To do
it efficiently, we have to learn how to efficiently taylor such quantities from the
integrable conformal spin chains, in the spirit of the one-loop procedure of [105].
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